344 ALLIED MATHEMATICS

THEORY OF EQUATIONS

The equation {1) can be written as
(x+1)(x=1) (6% -350 + 622 -35x+6) = 0
iLe, x+1l = 0 x=-1=0

and 6 - 35 4+ 6247 -35x+6 = O e (2)
Equation (2) is a R.E. of Type I. Dividing by x1, we get

6:1—311+62—--? +f,— =0

1
6(:’1-;5) -35 x+£‘) +62 = 0 . (3)
Pui x+‘l = N cee (4)
..r:-l-ﬁ' = yi-2 e (5)

Substituting (4) and (5) in (3) we get

6(u?-2)-35(u)+62 = 0
6ul—-35u+50 = 0
103
- o = J ﬂl‘z
1 1
ie., X+ = Tn or :+;l = %
A2~ 10x+3 = 0 or 2x1-5x+2 = 0
(x-3)(Axr-1) = 0 or {(x=2)(2x=-1) = 0
1
x = 3ory or x = 2t:|r2l

mmmanfu:givmonnnm—l. !.3.31 .Z.EI

Solve Gxb=25x5 + 3 Ix?'-3ix? +25x - 6= 0.
[May 94, Madras)

Thﬂ:: Is a reciprocal equation of even degree with unlike coefficients.
e ‘middie term is absent. ,
1515 a Reciprocal Equation of Type IV.
: ¥ =1, -1 are the roots of the given equation. Dividing the given
:q"'m'““bl’f-t-!}md{:+l}wegﬂm cq "

1 |6 s o 31 25 -6
I 2 6 19 12 12 -9 -6
=19 12 12 -19 6 | O
0 -6 25 37 25 -6
. 37 -25 6 [ 0

UNIT2 .

.+ The given equation can be written as
=1 (x+ 1) (62 -25xY 4+ 3752 -25x+6) = O
e, x-1=20,x+1=0
and 64 =250 +37x2-25x+6 = 0 e (1)
Dividing (1) by x2, we get
25 o6 0

6a? — 25x 4 37 - +3 =

6(x3+f5)-1s nx-') +37 = 0 e @)
Pu:n%n._ ,1+ﬁ S Ay

Substituting (3) in (2) we get
6 (u?-2)-25u+37

6ul-25u+25 = -
25 + JETE60

u = 12

ie. X+, =

m_ =
or X+

or x"—%ld‘l‘u

x’-%.ﬂ-l =
or 3I2-5x+3 = 0

2:2-5x+2 =

X =

B O O N

o

or
1 + i1l

.. The roots of the given equation are 1, -1, 2,7 . 6
€ Exercises D
I. Solve the following reciprocal equations.

! S=iyf1]
I 62507+ 3722 - 25x + 6= 0. fAns. 2.5 . 1
: I
2. 6r*-35c7+ 620 -35x+6=0. Mm.l%.!.if
3. 44 -200 + 332 -20x+ 4=0. IAM?.%.L{;I

UNIT3 B
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3.32 ALLIED MATHEMATICS

Il 1 .Solve the equation Gx? - | 1x? + 6x - | = 0 whose roots in H.P.

(Ans. 1.4 .4

2. Solve the equation 81x’ - 182 - 36x + 8 = 0 whose roots are in
2 =

HP. tans.3 .3 %

3. [If the roots of x* + 3ax? + 3bx + ¢ = 0 are in H.P., show that
283 = ¢ (3ab - o).
4. If the roots of the equation x* - ax? + bx - ¢ = 0 are in H.P. show

mulhcn:emmnlis%*:-

[Hint : If the roots are a - d, a, a + d, then the mean root is a]
5. Solve the equation 40x* + 227 — 2152 — 2x + | = O given that the

roots are in H.P. {An%.—.%.f!
To increase or decrease the roots of a given equation by a given

quantity
Increasing and decreasing the roots of a given equation by a given
quantity is exihibited in the following examples.
Note : To increase the roots of an equation by A, diminish the roots of
that equation by -h.

L mammqﬂ-w+?ﬂ-¢+s=ahj

and find the transformed eguation.
Diminishing the roots by 2, we get
2 1 =3 7 —3 5
0 2 -6 2 —-

-3 1 =2 1 (absolute term of the
2 -2 -2 transformed equation)
(coefficient of x)

1
0
2[1 = B }-4

0 2 2

1

0

1

0

] | (coefficient of x2)
~ (coefficient of x%)
I (coeff. of x* in the transformed equation)

The transformed equation whose roots are less by 2 of the given
quation is A+30+22-4x+1 =0

] UNIT 3 A

D kS

|

10

2 Ig -1 0 10 ;g*

oLl . 50 245 1225 6175
3 6167 (constant term of
5

49 M5 1235
100 745 4950

of transformed equation)

149 -2 |61B5 (coefficient of x)

20
s_ﬂ 10 150 1495
: 30 299 [2485 (coefficient of x2)
10
s ;‘; "‘g I"-W' (coefficient of %)
s : (30 (coeficient of )
2 (coeff. of 5% in the transformed equation)
The transformed equation is
255 + 504 + 499x) + 248522 + 6185x + 6167 = O

Increase by 7 the roots of the equation
3x* + 7x% - 15x2 + x = 2 = 0 and find the

The transformed equation is
3x4 - 775 + 720x2 - 2876x + 4058 = 0

transformed equation.
Solution
Increasing by 7 the roots of the given equation is thc same as
dlmllllihu’z ing the roots by 7.
=7| 3 7 =15 1 =2
0 -21 98 -581 dﬂg
773 1i1a 83 -580 | 405 (absolute term)-
8
0 21 245 -2296
-7 3 -35 328 |-2876 (coefficient of x)
0 =21 392
-7| 3 -56 [720 (coefficient of x?)
o =21
-7 3 |-77 (coefficient of x°)
0
3 (coeff. of x* in the transformed equation)

UNnITa B
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242 ALLIED MATHEMATICS | THEORY OF EQUATIONS 343
E+5#—3‘+£+5 = 0 Put ;+% = u ... (4)
1
I-f-. ﬁ(l'z‘fﬁ) *‘: ‘*li-) -n - 0 L [3} I"'F? = "1_2 .__{ﬁ}
Put 1 Substituting (4) and (5) in (3) we get
X+L = u oo (4) (u2-2)-4u+5 = 0
.-.;hﬂg . o (9) "1““+: = 3m )
Substituting (4) and (5) in (3) we get 1 1 ;
6(i-2)+5u-38 = 0O ie. xey = 3 or A+y =
6u?+5u-50 = 0 T - o Syt @0
b u = 2 m;ﬂ Solving these two equations we get
SRR 1214
ie 1 _ 3 I =10 3xy9-4 x = ==
- x+y =3 or L X = 7 2
2 -5x42 = 0 or 324+10r+3 = 3245 12431
50|Hn‘umtw quadratic ﬂmnﬂw:':. +13 0 % @ 3 or X = 3
= - 3 5 1x+31
Xim ol o X - Tl or-3 _-.mmuoruaegivmequtﬁmml-—s'i{ 'JzE'
~. The roots of the gi ' 1 - S IV : Reciprocal equations with even degrec and the terms
given equation are 1.5 . 2,75 . -3. gqujldminmﬁommnmmdlmhlwﬂwﬂiﬂﬂlilﬂlﬂdﬂ*““ﬂh!“‘“
is absent. For this type x = 1 and x = -1 are the roots of the miven
Solve x5 = Sx¥ 4+ 903 - 9x3 4 Sx -1 =0. nmip-.-oc.lequuun.uuwdwidingﬂnsiveneqtmhnbaru—ll
- (x + 1) we get a Reciprocal Equation of degree 4 which can be solved by
using Type L. -
TG'I::'T 15-5.:‘+913-9x11-5x—| = 0 e (1) mmwﬂ
s is a Reciprocal Equation of odd degree with unlike si - - 35x-6=0.
i.e., Reciprocal Equation of Type IIl. o 66 — 3525 + 564 - 5627 +
- x=1isarootof (1)
1 | 1 -5 9 -9 5 -1
0 1 —4 5 - 1 Given 6x8 — 35x5 + 56x* — 5602 +35x-6 = 0 PR 4 ) |
: _‘ 3 =4 L o This is a reciprocal equation of even degree with unlike signs. iLe..
Equation (1) can be written as Reciprocal equation of Type IV.
ie {r-I){z“—»-hJ-erz-dx:ll] : g s x =1 and -1 are the roots of (1). Since x* term is absent its
S L fficient is zero.
or A4 +5-4x+1 = 0 e () coe
Dividing (2) by x2, we get 1 | 6 -35 56 0 -56 as -6
4 | 0 6 -29 27 27 -29 6
Mo AesSmza g %0 2 6 29 21 21 -2 6 0
l) 1 0 -6 35 -62 35 -6
- | . = .
(‘:‘*F (‘_*x) 3 =0 3 6 -35 62 35 6 | 0

B UNIT3
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]
=]

nﬂ(%). . GE)""' o G’I-)H +..+a,

m", we get
M“ng.lﬂniﬂ::"'l emiayy .t m'a, = 0
iLe., ao:"-ymlﬂ"-hm:ﬂz.t."*...-ﬁm"ﬂ. =

(changing y in to x).
Thtummsfuﬂnmm'ﬁ"“ 2
“lpap"=i+..ta, = 0

%x- -+ ﬂl.l"
into another equation whose roots arc times those of the given equation.
then just multiply the successive coefficients beginning with the second

by m, m2, m>, ..., €tc.
Note : This transformation is useful for the purpose of removing the
coefficient of the first term of an equation when it is other than unity and
the fractional coefficients from an equation.

!cnenlly for removin
Multiply the roots of the equation J

@ o+ 2x) + 4x? 4 6x +8-oby!2'.

,1:‘+‘2.t3+4.x=+6.:+8 = 0 e (1)

- Given
1
To multiply the roots of (1) by 3 .

2 3 4
coefficients beginning with the second b"% . (-Ii) ' G') : &)

STV PN\ P PO
r‘+x~"+x2+%x+% =0

4t + 4 +4x2 +3x+2 = 0

o

we have to multiply the succes- sive

iLe.,

ie.,
which is the required equation.

Multiply the roots of \

- x3=-3x+1=0byI0.

The given equation can be written as

S+02-3x+1 = 0 v (1)
Multiply the roots of (1) by 10 we get
.13+(10)-0x3-(10)2-3x+(10)3-l =0
ie., X -300x+ 1000 = O
which is the required equation.
B UNIT S oo cecossomorsesecmsassstossmssestssssee s emsssett areme st sssmmssesrss e 41554

THEORY OF EQUATIONS 3.7

V@ Transform the equation 3x° + 4x? 4 5x - 6 =0 into \
one in which the coefficient of x> is unity.

LN

Given I} +4xt 4 5x-6 = 0

Multiply the roots of (1) by 3, we get
33 +3-4x2+32:5x-32-6 = 0

Dividingby 3, weget X +axl+ 15x-54 = 0
Remove the fractional coefficienis from the equation |‘

[@ r’-%x’q-‘;x-l-ﬂ.

Given x3-,%_x=+‘ix—l =0 Ly
Multiply the mo.u of (1) by m, we get
. A2)

_.‘3_% x1+mi%' x-m = 0

Ifm=12(L.CM.of 4 and 3), the fractions will be removed. Pat

m = 12 in (2), we get
3 -3 +48x-1728 = O
To transform an equation into another equation whose rools

the reciprocals of the roots of the given equation. .
Let “0"""’"1““_""“2"'"1“'---*“;. =0 v (O

be the given equation. ,
If x is the root of (1), then y ="¢ is the root of the required equation.

-
Substituting X =; in (1) we get
ﬂ_g+_f_1_ + = T
T Tk
Multiplying by ¥", we get
ayt +a,_\Y' T k. kayrag = 0
or a, " +a, ¥V +..rax+ag = 0
which is the required equation whose roots are the reciprocals of

of the given equation. ;
To transform an equation of the nth degree into another

roots are reciprocals of the roots of the given equation, change
in the given equation and multiply the resulting equation by

R u---.uunn"----u“-o-n-u“"t--uu---nu-"nnv--------tm'“------rﬂv-—-




3.40 ALLIED MATHEMATICS
u = |or—4
|
ie., .!:-|-Jl = |, or Xty = —4
2-x+1 =0 or P+dx+1 = 0
1-4 = > =4
P PS
I = i -4 2
= 2 or = 2
. -'—*;"@m £ u Ba

Thmuuflhtgiwnuqul&mm—l.'—tz‘@*.-z:t\ﬁ

’ @ Solve 6x% + Hx? =337 - 3327 4+ 1Ix + 6 = 0. J

Given

6rd 41 Le* - 3303-332 4 1 1x+6 = 0 - (1)
This is a Reciprocal Equation of Type IL.
- x= =] is a root of (1),

-1 6 11 =33 -33 11 6
0 6 -5 38 . -5 -6
| 6 5 -38 5 6 | O
- The given equation can be written as
(x+ 1) (62* + 57 - 3822 + 5x +6) = 0
ie., x+1 =0
{or) 6t + 57382 4+ S5x46 = 0 e (2)
This is a Reciprocal Equation of Type I,
Dividing (2) by x2, we get
6x2 4+ S5x~38+= +x"'3 =0
1
ﬁ(:z-r;) +5 ;+%) -38 = 0 e (3
Put .J:+xl = u e (4)
.r'z-l-xl_‘z' = uz—z e (o)

Substituting (4) and (5) in (3) we get

e L R R

THEORY OF EQUATIONS .41

6(1-2)+5u-38 = 0

6ul+S5u—-50 = 0 3

k= 12
30 40
u = ‘Eﬂl‘ 12
s 10
= 'i or 3
1 _s 1.a5i8
i.e., £+ = 32 or I+ 3
5 10 o
;l-int-n or B+Tx+l-

2x2-5x+2 = 0 or 3xl+10x+3 =0

Solving we get 2.% and —3::31'
=1

1
- The roots of the given equation are -1, 2,5 -3,

Type III : Reciprocal equations of odd degree with unlike signs for its
coefMiclents '

For this type x = | is a root or (x - 1}h|racmrol'_lh¢slm
Reciprocal Equation. Now dividing the given Reciprocal Equation bl,;l 3
x - 1, we get a Reciprocal Equation of degree four which can be solv

by using Type 1.

Solve the equation 6x5—x*-43x> +43x% +x-6 = 0.

Given 6x°-x*-432+43x2+x-6 =0 ‘
This is a Reciprocal Equation of odd degree with unlike signs.
i.e.. Reciprocal equatiion of Type L1
o x=]isarootof (1)
1 6 -1 —43 43 1
0 6 5 =38 5
6 5 -38 5 6
Equation (1) can be written as
(x = 1) (6x* + 557 -~ 3822 + 5x + 6)
x=1
or 6 + 50— 382 + Sx + 6
This is a Reciprocal Equation of Type 1.
Dividing (2) by x?, we get

- (1)

olo &

—

0
0
0

. (2)

UNIT2 B
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ALLIED MATHEMATICS

If a A x Sare the roots of x* +px’ +qx? +rx +5=4

I I
Mmmmmmﬁ,i.;.-j.

. (1)

Given Arpleglerxrs = 0
Its roots are a, §, y and 8.
Tuﬁlldlhccqulﬁﬂnlﬂmumﬁslmul.il.l la:rm:ipc\l-n:‘uht:u:ft'l,l}

dmg::m'l in (1), we get

Q) or@ eofl) or(Ds =
ie. s e+ gleprel = 0
which is the required equation.

If 1, 2, 3, 6 are the roois of the equation
@ x¥ = 127 + 47x2 - 72x + 36 = 0, find an equation
I I 1
wﬁaummm!,i,j,z

Given Ao 120 +47%-T2x4+36 = 0 e (1)
Its roots are 1, 2, 3, 6.Chsng¢:mf in (1), we get

4 3 2
G) —I?G) +4?GJ -72@ +36 = 0
ie., 364 -T2 + 4732 - 12x+1 = 0
which is the required equation whose roots are I.EI ; l
[ Solve the equation 63° — IIx? - 3x + 2 = agm.maj
~  ifs rools are in H.P.

Given 62 -11x2-3x+2 = 0 ees: (1)
Its roots are in H.P. Chnng:.tm% in (1), we get

ae)’-u(i)z-ae)u 0
ie., 23 -3x2-11x+6 = 0 i (L)
Now the roots of (2) are in A.P. [ * H.P. is a reciprocal of A.P.] Let
therootsof (2) bea-d, o, a + d.
N UNIT2

3.29

..-—-'-'_.—-_ ;
sum of the roots a-d+a+a+d = 32
3 =3
1 )
a=73 '
Product of the roots taken 3 at a time is
(a- d)u(l:l*d} = -3
a(al-d) = -3
=3
2(4 "1) -
E = =3
1 1.
3+§ =
50
Le., @ =7
_ 50 2:3
d=2x22\§ ~* *J2-2
5
d = :'2'

S I
Case (i) : When d =3 anda =3 .the rootsof D) are7 =2 *2

El +§ . Lt..ul.il .3
. The roots of the given equation are the reciprocal
ie. 2 2,1 are the roots of (1).
2 3 ,

1
Cmﬂ’ﬁj:W‘hcnds% mda-% the roots of (2)are3 +32 +2 *

IS.]2

of the roots of (2)-

LA

3 =3 ‘he 3.2

The reciprocal of these rools viz. 3. 2, 2 m[hemotsofthcgwcn

equation.

Solve the equation 15x* - 8x% — 14x7 + 8x~1=0
@ given that the roots are in H.P.

Given 152 -8 - 14x2 + 8x—-1 = 0 e (1)
UNITI
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ALLIED MATHEMATICS

3.34

Find the equation whose roots are the roots of
5% — x3 - 1023 + 4x + 24 = 0 increased by 2.

Increasing by 2 the roots of the given equation is the same as
diminishing thr.- roots by =2.

=2| 1 -1 =10 4 24
0 -2 6 8 -24
-2 | =3 -4 12 0
0 -2 10 -12
=2 1 =3 6 0 (coefficient of x in the
1] =2 14 transformed equation)
=21 1 =7 20 (coefficient of x?)
0 -2
2] 1 -9  (coefficient of x3)
0
1 (coeff. of x* in the transformed equation)

The transformed equation is x* - 9x + 20x =0

. If & B yare the roots of the equation
x? = 6x? + I2x = 8 = 0, find an eguation whose
roots are a-2, f-2, y-2.

Here we have to diminish the roots of x* —6x? +12x-8 = 0 by 2.
Diminish the roots by 2, we get

2 1 =6 12 -8
0 2 -8 8
- 2 1 —4 4 0
0 2 —
2] 1 =2 0
0 2
1 ! 0
The transformed equation is = =0
ie., therootsare = 0,0,0

jie, a-2=0; p-2=0,vy-2=0.
jie, a=2, p=2, y=2

B UNIT3
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If & B yare the roots of 8x° - d.:’+ix I =0, find
the equation whose roots are a+73 .ﬂol " rr‘-

Here we have to increase the roots of the given Jnnun hy% ie.,

=1
diminish the roots of the given equation by 3~
4|8 4 6 —I\
4 -5

J..\ 10\-6

r -12 16
0 -4
11 8 -16

0

8

1 .
mcqna.tionwtms:moumn+% 'B*"i"'""i is
8 - 1622 + 16x-6 = 0
[ Exercises_

L Diminish the roots of the following equations and find the

transformed equation.

. S-4x*+33-4x+6=0by3.
rAul.x-"+llx4+4‘Zx3+ST:1—13: - 60 =0]

2. A-53+T2-4x+5=0by3. [Ans. X* +327 + 22 —4x + 1=0]
3, A5+ Tx2-1Tx+11=0by2.

[Ans. xX* + 3 4+ 2 - 17x - 19=0]
4 A-6-x2+30x-20=0by3.

[Ans. x* + 6x% = x2 - 30x-20=0]
nlnummemuofmtfonoﬁng:quﬂoqsmdnndﬂs
transformed equation.

1. 2 -4x+3x-1=0by2. [Ans. X* = 102 + 3I1x-31=0]
2. PA—x3- 10x2 + 4x + 24 = 0 by 2 and hence solve it [Ans. -2, =2, 2. 3]
3, 4 + 323 + 83x2 4 76x + 21 = 0 by 2 and hence solve it.

(Ans.t 2 1.3
4 33-53+7=0by4.
[Ans. 3x5 — 60x* + 475x% - 1860x% + 3600x - 2745 = 0]

uNITa B
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3.28 ALLIED MATHEMATICS

O RECIPROCAL EQUATIONS

Definition : If an equation remains unaltered when x is changed into

;t{rudpmcnlnf:}.mniluﬂndlwm.
Let ,1""1-:.1|.1|:""-H:,.r"'z-l-..‘1--1:1,,_|J+|:.'r,!I =0 e (1)

be a reciprocal equation. When x is changed into;:- , we get
ax"+a, a2 ra x+]l = 0

g d, 2 ) 1
. Gal oy 22 a2 $L coads o
iLe., e 5 P Y o X L s T4g- = 0 .= (2)

Since (1) is a reciprocal equation, it is same as (2).
. Equating like coefficients in (1) and (2), we gel

o B ay_2 ay A1
" e a, = ay. " a, -dll--l'.ndn" =ay,. :
ie., al = |

Case (i) - When a, = 1.

Thena, | =a.a,.3=a838,_3=a3 .-

In this case the coefficients of the terms equidistant from the
beginning and the end are equal in magnitude and have the same sign.

Case (ii) : When a,, = -1, we have

ﬂ,,_|=—d|. d‘._2=—az. ey ﬂl =—ﬂ‘n‘_'|1

In this case the terms equidistant from the beginning and the end are
equal in magnitude but different in sign.

Nm:lfabclmotofnmcipmcalcquuiun.al' must also be a root. Hence the

muufamiprwuequuioumrinpdnlikcu.i'.ﬂ-é“

STANDARD FORMS OF RECIPROCAL EQUATIONS
Type I : Reciprocal gauation of degree four with like and unlike signs
for its coefficients.
Type I : Reciprocal equation of odd degree with like signs for its
coefficients. In this case x = —1 is a root of the given equation.
Type I : Reciprocal equation of odd degree with unlike sigas for its
ficients. In this case x = | is a root of the given equation.

l UNIT3

-

3.

OF EQUATIONS
THEORY S

IV : Reciprocal equation of even degree with unlike signs for 1%
coefﬂclnﬂﬂl“d"‘ﬂhﬂddhmhnhmt. lm:ﬂlﬂx' 1, =1 are the

roolts of the ‘im equation,
The following examples explain the methods of solving the above
types of reciprocal equations.
for its coefficients

Note 1 : A reciprocal equation with like signs
means the terms equidistant from the beginning and the end are equal in

magnitude and with same sign.
— '
Eg. Seaf + D+ 2 raxr =0
t . 1

ike si fficients
Note 2 : A reciprocal equation with unlike signs for its coec
mﬂnllham:equidjulntfmmﬂnhcginningmdu:cendmaquﬂin

magnitude but opposite in sign. 1
Eg. 6 + 3555 + SGb + 562 + 35x -6 =0
t .

@ Solve x4 - 1057 +26x2 - 10x + 1= 0.

Given A_100+263-10x+1 = 0 -+ (1)
This is a reciprocal equation of Type I.
Dividing (1) by x2, we get, "
2-10x+26-1 +33 = 0
ie. (x=+ﬁ) - 10 x+%) +26 = 0 .. (2)
P‘I.ll.td-% = u ...(3)
.r2+ﬁ = ut-2 .o (4)

Substituting (3) and (4) in (2) we get
(u2-2)-10u+26 = 0
u-10u+24 = 0
which is a quadratic equation in u.
~UNITI W




ALLIED MATHEMATICS

3.38
ie.,
lLe., w = 4 or
lLe., ;+£ = 4 or
ie, X2-d4x+1 =0 or x2-6x+1

" 4:3{1&-4

. 2
42243

ie. x = 2243 or

. The roots of the given equation are

24+3.2-43.3+22,3-22

[H—ﬁ){ﬂ—-‘] = 0

x = 32242

@ Solve 4x* - 20x3 4+ 33x3 - 20x + 4= 0.

Given

Dividing (1) by x2, we get,
4

412'—26.::-0-33—%‘2 +3 =
J(xh%z) -»20(;4--:-) +33 =

1
Put X+

: L
o .I‘z +xz
Substituting (3) and (4) in (2) we get

4W2-2)-20u+33 =

Qu2-20u+25 =
- o
ie., u
_ 1
ie., . x+y
xz-g x+1 =

44 -203 + 332 -20x+4 = 0
This is a reciprocal equation of Type 1.

-

(1)

. (2)

.er (3)

. (4)

H UNIT3
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ie., 2:2-5x+2 = 0
- 5 +4J25 - 16 543
This is a quadratic equation in x- Lx = —3[1_—:— = =0
1
ie., x = 2ory
: 1 .1
.'.mmuorthcgivmeqwmmz.-i 2.7 -
Typeﬂ:nedmulquumuorudddqﬂ!wlthllhﬂ:uhriu
coefTiclents

-1 ammufﬂngivenﬂmipmcliﬁqultim.ﬂw
g A - hyx-rl.m;ﬂnkudpmﬂl

dividing the given Reciprocal Equation
r which is clearly of Type L. 1

Equation of degree fou

@ Salvd.t"-o#“+r’+.t’+4.t+]-0.

Given S+ +2+4x+l =0 (D)
This is a Reciprocal Equation of Type 1.
- x=-1isarootof (1)
-1 1 4 1 1 4 1
0 -1 -3 2 -3 -1
[ 3 2 3 1 | o
. The equation can be wrillen as
(x+ l}{x‘+3.:3-212+31+lj =0
x+1=0 or A+ -22+3x+1 = 0 7))
This is a Reciprocal Equation of Typel
Dividing (2) by x2, we get :
Iz+3x-2+'3; +I§ =0

- 1
(x*+ﬁ)+3(x+;) -2=0
Pul.n-'l':u. .',x1+% = ut-2

Substituting (4) in (3) we get,
wWw=-2+3u-2

=0
ut+du-4 = 0

.. (3)

u = 2
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i
Its roots are in H.P. Change x into in (1) we get,

r.s(;!.—)-s(;f;)-u(;%)ﬂ({)-: B
Le. ¥ A e B - 14 -Br+ 15 0
Le., A-80+ 142 +8x=15 = 0 ...(2)
Iumuuu-einA.P.Lﬂm:mmhu-ua-d.a+ﬂ.u+:u,
Sumoftheroots = a-3d+a-d+a+d+a+3d = 8
4a = 8
a = 2
Sum of the products of the roots taken four at a time is

{u—mm—d}tndbd}{u«rm = =15
(a2 -9d%) (a?-d? = -15

ie.,

4-94) (4-d) = -I5 [ra=2)
16 - 4042 + 94* = -15
le., M_M"'Jl = 0
40+JTG00-1116 _ 40222 62
& = 18 R T TR ﬂrilg
d’-%l or |
T

d==x]or 3

whend=landa=2 therootsare2-3,2-1.2+ 1,2+ 3.

ie.=1,1.3.5
These are the roots of the equation (2). The roots of the given equation

are the reciprocals of the roots of the equation (2).
.. The roots of the given equation are -1, l.‘% '3 -

{ - Find the condition that the roots of
r'+.i'p.r"+3¢x +r=0may be in H.P.

|
(1)

Given P+3prledgxer = 0
Chmgcno% in (1) we get
B+ @ +39® +r =0

ie., e+ 3gt+3pr+d = 0 ev: U)
The roots of (2) are in A.P. [, The roots of (2) are reciprocal of (1)]

N uNIT3

THEORY OF EQUATIONS
Lﬂﬂwmuf{!}hu—d.u,n+d.
Sum of the rools a-d+a+a+d = :%'I
o o
a =3 o |

Since a is a root of (2), we get by substituting (3) in (2).
3 2
r(::l) +3q(::1) +3p(:r£) +1 =0
Le., ZqJ—Jpqr+r2 =0
which is the required condition.

E Exercises H
I.Mmqﬂﬁnnmm“mﬂlnmmwtopmu
inq-mmmuormmmequm

10 _ 40x* - 15x+20=0
b8 e [Ans. x10 — ]2x® + 40x* + 15x + 20 = 0]

i Tedad + 0 -2+
2. Chm;el}ungmufth:mafmeeqmﬂnx +
Tx+3=0. fAu.l.x’+4r‘+r’+sz+?x—3-G}'

3, e+ -T2+2x-1=0
IAnl-.r’-ﬁ.t‘+ﬁr’+?xJ+Zr+I=ﬂf

[1. Multiply the roots of the equation.
[Ans, x” —40x* +416x2 - 1408 =0]

. x7=5x4+13x2-11=0by 2.
2. IJ-6:2+12x-8=0by 10. [Ans.x? 6052 + 1200x 8000 = 0]

3 S-4r+l-4x+6=0by2.
[Ans. x* — 8% + 1227 - 32x + 96 = 0]
Remove the fractional coefficients from x5 - :_-i' A+ % 2+ -;% x
-~ % = 0 such that the coefficient of the leading term remains unit.
[Ans. x5 —x* + 25x% + 14x - 24 = 0]
Remove the fractional coefficients from x3 —% x2 -—ﬁ x +5'I'5 =0
such that the coefficient of the leading term remains unity.

Remove the fractional coefficients from x5 +*;' x4 +§ 4+ ﬁ x*+

1
36 = 0 such that the coeflicient of the leading term remains unity.

e UNIT 3

..................................
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8. If a, B, y are the roots of the equation x? + px2 + gx + r = 0 find the
2 1
value of (i) La® (ii) T PT‘;,E (i) T o353

[Ans. (i) 3pg - p* - 3r (ii)B2 _ 3 mu%ﬁ ]

9. Ifa, B, y are the roots of x* + gx + r= 0, find the value of
1 1 1

N q
a+p TB+y Tyra iyl
10. If o, B, v, & are the roots of x* -~ 4x2 — x + 2 = 0 find the value of
B SR B : 17
u_2+ﬂz+73+63‘ fAlﬂ‘.‘}

I1. If a, B. y are the roots of the equation x3 + px? + gx + r = 0 find the
equation whose roots are a (B + ), B (y + @), y (a + B).

!Aﬂ.r..r'—.?q.tz+(q2+pr)x+r?—pqr= 0]

O TRANSFORMATION OF EQUATIONS
Let " +ax" = +aux"-24 4a = 0 s k1)
> a given equation. Let its roots be @, Oy, ..., a,. It is possible to

ransform this equation into another equation whose roots are the roots of
1) with a given relation. Such transformation often helps us to solve

quations easily. Here we shall explain some of the most elementary
ansformations of equations.

L To transform an equation into another equation whose roots are
1€ roots of the given equation with their signs changed.
Let the given equation be

ap"+ax" " +ax-24 .. +a, = 0 w2:{1)

Let x be a root of the given equation and y be a root of the required
uation.

Thcny=—xorx=-y.Putx=—yin(l)wcget.
' ay"-apy"~liapyr-2-ay-34+ .. = 0
" —a x4 a2 g =34 . = 0 (change y to x)

ich is the required equation whose roots are the roots of (1) with their
ns changed.

Thus to transform an equation

apx" +apx" = +ax"=24 .. +a, = 0 (1)
+ another equation whose roots are the roots of (1) with their signs
nged then just change the sign of the odd powers of x.

UNIT 3

3.28
THEORY OF EQUATIONS

—

If the roots of x* - 12x? + 23x + 36 = 0 are =1, 4,9
the equation whose roots are 1, —4, =9.

‘ )
Given B-1222+23x+36= 0
The roots are -1, 4, 9.

Now we find an equation whose roots are 1, —4, -9 iLe.. l:dﬁ;:n:“c
equation whose roots are the roots of (1) but the signs are changed.

in (1) we have to change the sign of odd powers of x.

Hence the required equation is
=} = 12x2-23x+36 = O

ie., 4122 +23x-36 = 0
This gives the required equatjon.

Find the equation whose roots are-1,-6,2,=-3i{f |
the roots of the equation x* — 8x>+ 7x3+ 36x— 36 =0
~ el are 1, =2, 3, 6.

The roots of the required equation are the negative of the roots of the
given equation. Hence the required equation can be obtained by changing
the signs of odd powers of x of the given equation.

Hence the required equation is
x*+8x3+7x2-36x-36 = 0
Find the equation whose roots are equal in

magnitude but opposite in sign to the roots of the
equation x10 — 12x8 + 40x* - 15x + 20 = 0.

To get the required equation we have to change the sign of odd
powers of x in the given equation.
Hence the required equation is
x10-12x% 4+ 4064 + 152 +20 = ©

IL To transform an equation into another whose roots are m
times those of the given equation.

Let ao::"+a|x""l+a2x“"2+...+a_.‘ =0 - (D)

If x isamotol‘(l)'theny:misarootofﬂmmqniredequaﬂun.
Puuingx=ﬁ in (1) we get

Ban
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