CHAPTER 1

SUCCESSIVE DIFFERENTIATION
AND
LEIBNITZ’S THEOREM

1.1 Introduction

Successive Differentiation is the process of differentiating a given function successively
n times and the results of such differentiation are called successive derivatives. The
higher order differential coefficients are of utmost importance in scientific and
engineering applications.
Let f(x) be a differentiable function and let its successive derivatives be denoted by
£, f (), f(x) .

Common notations of higher order Derivatives of y = f(x)

1% Derivative: f'(x) ory'ory,or % or Dy

2
2" Derivative: f""(x) ory"” ory,or % or D%y
n't Derivative:  f™(x) or y™ or y, or ‘;xfl or D"y

1.2 Calculation of nth Derivatives

i. nt"Derivative of e®*

Lety = e
y1 = ae®™
y, = el
Yy = a e

ii. n' Derivative of (ax +b)™, mis a +ve integer greater thann
Lety = (ax +b)™
y; = ma(ax + b)™ 1!
y, = m(m — 1)a?(ax + b)™ 2

)-’n = m(m-1)..(m—n+1)a"(ax + b)™™"



__m n m-n
= o & (ax + b)

iii. n' Derivative of y =log(ax + b)
Let y =log(ax + b)
a

Y1 = (ax+Db)
—a?

Y2 = (ax+b)?
2lad
V3 (ax+b)3

_ o qyn-1 (n—1)!a™
Yo = (=1) (ax+b)"

iv. nt Derivative of y = sin(ax + b)
Let y = sin(ax + b)
y. = acos(ax +b) = asin(ax +b +§)

_ 2 T — 2 G 2
yz—acos(ax+b+2)—a sm(ax+b+2)

Vo = a”sin(ax+b+nz—n)
Similarly if y = cos(ax + b)
Vo = a"cos(ax+b+%)

v. n* Derivative of y = e**sin(ax + b)
Let y = esin(bx + c)
y; = ae®sin(bx + ¢) + e**b cos(bx + ¢)
= e [asin(bx + ¢) + b cos(bx + ¢)]
= e [r cosa sin(bx + ¢) + r sina cos(bx + c)]
Putting a = r cosa, b = r sina

e™ r sin(bx +c+ a)
Similarly  y, = e r? sin(bx + ¢ + 2a)

Y, = e r" sin(bx + ¢ + na)
where 2 = a? + b? and tana = Z
n
2y, =e? (a?+ b?)z sin (bx +c+ntan~?! g)

Similarly if y = e**cos (ax + b)
Y, = e r™ cos (bx + ¢ + na)

= e (a®+ b?)z cos (bx +c+ntan?! S)



Summary of Results

Function n'* Derivative
y — eax yn - an eax
( m!
———a*(ax+b)""",m>0m>n
y = (ax + b)™ (m —n)!
_ 0, m>0, m< n,
Yn = n! a™, m=n
(=D™nla™ I
\ (ax + b)n*t’ m=
— -1 (n-1la™
y =loglax +b) | = (D"

y = sin(ax + b)

V,= a" sin (ax + b+ %)

y = cos(ax + b)

y,=a" cos (ax + b+ nz—n)

y = e sin(bx + ¢)

n b
Y, = e (a? + b?)2 sin (bx +c+ntan™?! Z)

y =e% cos(bx + ¢)

n
Y = €% (a? + b?)z cos (bx +c+ntan~?! Z)

Example 1 Find the nt"* derivative of

Solution: Let y =

1-5x+6x2
1

1-5x+6x2

Resolving into partial fractions

. 1 3 1 3 2
Y T I Tsxtex?  (=30)(1-2x)  1-3x  1-2x
_ 3(=3)"(-1)"n! 2(=2)"(-1)"n!
TN T gx)n+t - (1-2x)7+1

=y = o) - ()]

Example 2 Find the n'" derivative of sin6x cos4x

Solution: Lety = s

_1
2

. _ 1
"yTl >

in6x cosdx

(sin10 x + cos2 x)

[10" sin (10x + nz—n) + 2™ cos (Zx + %)]

Example 3 Find n‘" derivative of sin®xcos3x

Solution:  Lety= si

n®xcos3x




= sin?xcos?*x cosx

1, 1
= sin?2x cosx = 5(1 — cos4x)cosx
1 1
=5 CosX — gcos4x coSsx

1 1
=5 C0sx — — (cos3x + cos5x)

1
=— (2cosx — cos3x — cos5x)

= oo s+ 22) o (3-+ 2) s (514 )

Example 4 Find the n'" derivative of sin*x
Solution: Let y = sin*x = (sin%x)?

2
= (l 2 sinzx)
22
= Z((l — cos 2x)?
=1 [1 — 20052 + = (2c0522x)]
4 2
= i[l — 2cos2x + % 1+ cos4x)]
=3 _1c0s2x + = cos4x
8 2 8
Yy = — § 2"cos (Zx + nz—n) + %4"005 (4x + nz—n)
Example 5 Find the nt" derivative of e3*cosx sin?2x

Solution: Lety = e3*cosx sin?2x
: 1
Now cos x sin?2x = > (cos x — cos x cos 4x)

v sin?2x = %(1 - cos 4x)
= %(cos X - %(cos 5x + cos 3x)
= y = e3*cosx sin?2x = %e“cos X — ie?’xcos 5x — %e”cos 3x
“Yn = %9395 (9+1)2 cos (x + ntan_lé) - ie3x (9 + 25)2 cos (Sx + ntan™? S)
—ie3x 9+ 9)3 cos (3x + ntan™? S)
= %63’6 102 cos (x +ntan~?! %) - ie3x 347 cos (Sx +ntan~?! 2)

—ie3x 182 cos(3x + ntan11)

1
Example 6 Ify = sinax + cosax, prove that y, = a™[1+ (—1)"sin 2ax |z
Solution: y = sinax + cos ax

Ly, =at [sin (ax + %) + cos (ax + nz—n)]



1

= qn [{sin (ax + 2F) + cos (ax + nz_n)}z]? 1

=q™ [sin2 (ax + . ) + cos (ax + nz—n) + 2 sin (ax + nz—n) .COS (ax + n—:)]z
=a™[1+ sin(Qax + nn)]i

1
= a™[1 + sin 2ax cos n + cos 2ax sinnw |z

1
=a™[1+ (—1)"sin2ax ]z ~cosnm=(—1)"andsinnm =0

Example 7 Find the n'” derivative of tan‘lg

Solution: Let y = tan‘lz

- _day _ 1 - a a
1= o a<1+%> x2+a?  x2—(ai)?
a

_ a _ a( 1 1 )
(x+ai)(x—ai) 2ai \ x—ai x+ai

_1( 1 1 )
2i \ x—ai x+ai

Differentiating above (n — 1) times w.r.t. x, we get

. l[(—l)”‘l(n—l)! _ (—1)"‘1(n—1)!]
n - 21

(x—ai)™ (x+ai)™
Substituting x = r cosf, a = r sinf such that 8 = tan‘lz
(- (n-1)! 1 1
= I = 2i [r”(cos@ i sing)" B r(cos 6’+isin6)”]

n—-1
== 2ir (n 2 [(cos 6 — i sinf) ™™ — (cos O + i sinf) "]

Using De Moivre’s theorem, we get
D) 1(n-1) [

Vo = p— cosnf + isinnf — cosnéb + isinnb|
n-1
= VT oy n(n Lt sin n@
s
n—1
= M sin nf v a=rsinf
(smG)
n-—1
Ln(nl)' sinn@ sin™ @ where 6 = tan12
a X

Example 8 Find the n‘"* derivative of !
1 1+x+
1+x+x2

=1  \wherew= 1+“Fa dw? = 228
(x—w)(x—w?) 2

Resolving into partial fractions

1 ( 1 1 )
y w-w2 \ x—-w x—w?2

Solution: Lety =




1 ( 1 1 )_—l( 1 1 )
iv3 \x—w x—w? V3 \x-w x—w?

Differentiating n times w.r.t. , we get

_ —i[ Dt (D"l ]
Yn = V3 (x—w)n"'l (x—wz)""'l
_ —i(-1"n! [ 1 _ 1 ]
- \/§ (x_w)n+1 (x_WZ)n+1
_i(-D"*tin 1 _ 1
- \/g i\/— n+1 i\/— n+1
(+2-58)" (xe2eD)
_i2nHl (—)nHipy [ 1 _ 1 ]
V3 (2x+1-iv3)"h (2x+1+iv3)"

Substituting 2x + 1 = r cosf, V3 = r sinf such that § = tan™? Zfl
i 2n+1 (_1)n+1n!

Yn = [(cosB — ising)~ (D — (cosh + ising)~™*D)]

Using De Moivre’s theorem, we get

i 2n+1 (_1)n+1n|

= lcos(n+1)0 +isin(n+ 1)6 — cos(n + 1)0 + isin(n + 1)6]
V3 ()

sin6

n =

3 =1 sind
i 2n+1 (_1)Tl+1n|

_ D o N+l
Rk 2i sin(n + 1)0 sin™*'0

_ P o n+1 — tapn-1_Y3
= sin(n + 1)@ sin™*'0 where 6 = tan P—vl

2
Example 9 If y = x +tanx, show that cos? x% —2y+2x=0

Solution: y=x+tanx
dy

= = =1+sec’x
dx
dzy 2
mzZsecx(secxtanx) = 2 sec“xtanx
. 2, 4% _ 2 2
. COS x@—2y+2x— 2cos” x sec” xtanx — 2(x + tanx) + 2x

= 2tanx — 2x — 2tanx + 2x
=0

2
Example 10 If y = log(x + Va2 + 1), show that (1 +x2) <% + x> = 0
Solution:  y = log(x + VxZ + 1)

14—
dy _ Vi+x2 1

dx x+Vi+x? V14x2




SEVIFD Y =1
Differentiating both sides w.r.t. x , we get

WT+aD) L 4 2 O —y

Vi+xZ dx
S +a) 2 +x 2=
Exercise 1 A
1. Find the nt" derivative of m
Ans. (—1)"n! [(X_l;ﬂ = (X_ll)nﬂ]

2. Find the nt" derivative of cosx cos 2x cos 3x
Ans.= [2" cos (Zx + E) + 4™ cos (4x + E) + 6™ cos (6x + E)]
4 2 2 2

3. Ifx =sint ,y =sinat, showthat (1 —x*)—= —-x—=+a’y =0
dx dx
a?b?

d92 = p3
5 If y= m ,find y, i.e.the n'" derivative of y

4. If p? = a®cos? 6 + b?*sin? 0, Showthatp+

Ans

cos(n + 1)8 sin™*16 where 6 = tan™ 1%

o

If y=e*sinx, flnd y, i.e.the nt" derivative of y
1 nm
Ans. > e*[1-16(2x + =)

7. Find n'" differential coefficient of y = log[(ax + b)(cx + d)]
Ans. y,= ()" - D[S+ —<—]

(ax+b)" (cx+d)™
x-1 n-1 . xX—nNn xX+n
8. Ify= xlog , show that y,= (=1)"*(n 2)'[ D (x+1)n]

-1 v1+x -1

9. Ify=tan , show that vy, = —( D" 1(n—1)!sinn O sin™6



1.2 LEIBNITZ'S THEOREM

If u and v are functions of x such that their nt*derivatives exist, then the nt"derivative
of their product is given by

(u v)n = unv + nCl un_l vl + nczun_z vz + oo + nC‘r un—r vT' + cas + uvn
where u,. and v, represent rt*derivatives of u and v respectively.

Examplell Find the nt" derivative of x log x

Solution: Letu =logx andv = x

K1

Thenu, = (—1)"" “”x” and u,_, = (—1)+222

By Leibnitz’s theorem, we have
(u v)n = unv + nC1 un_l V1 + nczun_z vz + e + nC‘r‘ un—r vT' + s + uvn

= (xlogx), = (—1)*1 (n;nl) + n(—1)"" Z(n 2) +0
= (D" EF 4 n(- 1)"2(” >
n—2
= (- 1)"“ 2 —(n—1) +n]
= (-pn i

Example 12 Find the n*" derivative of x2e3* sin 4x

Solution: Letu = e3* sin4x and v = x?
n 4
Thenu, = e3*252sin (4x + ntan™! E)
= e3* 5" sin (4x +ntan~?! g)

By Leibnitz’s theorem, we have
(UV)y = UpV + N Uy V1 + N Uy Uy + o+ N Uy Uy + o0+ Uy

= (xze3x sin 4x ) = x2e” 5" sin (4x +ntan! i) +
n 3
2nxe3* 5" 1 sin (4x +(n—-1)tan! g) +

n(n — 1)e* 5" % sin (4x +(n—2)tan™? g) + 0



= e3*5" [xz sin (4x +ntan?! g) +

2 dn o+ 0= D)+ 222 o 11+ -2y

Example 13 If y = acos(log x) + b sin(log x), show that
X%y, + @2n+ Dxy,y, +n(n+ 1)y, =0
Solution: Here y = a cos(log x) + b sin (log x)
Sy, = _Tasin (logx) + gcos (logx)
= xy, = —asin(logx) + b cos(logx)
Differentiating both sides w.r.t. x , we get
Xy, +y; = —% cos(logx) + _Tb sin(logx)
= x2y, + xy; = —{acos(logx) + b sin(logx)}
==Yy
>x%y, +xy, +y =0
Using Leibnitz’s theorem, we get
na2x® + Ne, Yn+12X + N, Y. 2) + ()’n+1x + N, Y- 1) +y =0
= Yn2X? + Y1 2nx + 0 = Dy, + VX + 0y + 9, = 0
= X%Yniz + Cn+ Dxype + (% + 1)y, =0
Example 14  If y = log (x + V1 + x2)
Prove that (1 + x*)y,4, + 2n + Dxy,q + 1%y, =0

Solution: y =log (x + V1 + x?

1 1 1
=3 = (e ) = 7

>1+x)y,2=1

Differentiating both sides w.r.t. x, we get
(14 x2)2y,y, + 2xy,> =0
=>(1+x¥)y,+xy; =0



Using Leibnitz’s theorem
[yn+2(1 + xZ) + nclyn+12x + nCZYn- 2] + (Yn+1x + nclyn- 1) =0

= yn+2(1 + x2) + Yns12nx + n(n - 1)yn + Yny1x +ny, =0
= (14 xH)yYpe2 + Cn 4 Dxypyq + 1%y, =0

Example 15 If y = sin (m sin™1x), show that
(1= x*)Yns2 = (2n + Day,iq + (n® — m?)y,. Also find y,(0)

Solution:  Here y = sin(m sin™'x) e
>y, = % cos(msin™'x) ...... @

= (1 —x%)y,;%2 = m?cos?(m sin™1x)
= (1 —x%)y,2 = m?[1 — sin?(m sin"1x)]
=> (1 —x2)y2=m?>(1 —y?)...... ®)
= (1- x3)y,2 + m?y? = m?
Differentiating w.r.t. x, we get
(1 = x2)2y,y, + v12(=2x) + m?*2yy, = 0
> —x¥)y, —xy, +m?y =0
Using Leibnitz’s theorem, we get
W2 (1 = %2) + 1¢, Yo (=25) + 16, Y0 (=2)] = (PpaaX + 1, 1) + m?y, = 0
= Yne2(1 = x2) = ypyi2nx —n(n — Dy, — Gppax +1y,) +m?y, =0
> (1 —x)y,, = Cn+ Dy, + (M2 —=m?)y,...... @
Puttingx = 0in O, @and @
y(0) = 0,y,(0) =mand y,(0) =0
Putting x = 0 in @
Yn+2(0) = (n* —m?)y,(0)
Puttingn = 1,2,3 ...... in the above equation, we get
y3(0) = (12 = m?*)y,(0)
=(12-m*)m  +y,(0)=m



y4(0) = (2% — m?)y,(0)
=0 wy,(0) =0
y5(0) = (3% =m?) y;(0)

=m(1? — m?)(3% — m?)

_ 0, if nis even
> 5O = (12— )@ <) 1= 27) ] i s o

Example 16 If y = e™"'% show that
(1= x)Vper — @n+ Dxy, — (02 + m?)y, = 0. Also find y,(0).

Solution: Here y = e™n ™ x (D

__m m sin"1x
0= V1-x2

__my

SR )

= (1 - x»)y,* =m?y?
Differentiating above equation w.r.t. x , we get
(1= x)2y1y, + y12(=2x) = m*2yy,
> A -xY)y,—xy; —mPy=0 ... @
Differentiating above equation n times w.r.t. x using Leibnitz’s theorem, we get
W2 (1 = %2) + 1¢, Yo (—25) + 16, Y0 (=2)] = (PpaaX + 1, 1) = m?y, = 0
= Yne2(1 = x%) = ypy12nx — n(n = Dy, = Wpiax + ny,) —m?y, =0
> (1 —x)y,., — Cn+ Dxy,q — (2 +m?)y, =0...... @
To find  y,(0): Puttingx = 0in O, @and @
y(0) = 1, y,(0) = mand y,(0) = m?
Also putting x = 0 in, we get
Yni2(0) = (n* + m?)y, (0)

Putting n = 1,2,3 ... in the above equation, we get



y5(0) = (12 + m*)y,(0)

=(1* + m*)m v y,.(0) =m
¥4(0) = (2% + m?)y,(0)
= m?(2% + m?) © y,(0) = m?

y5(0) = (3% +m?) y,(0)

= m(1? + m?)(3%2 + m?)

5y (0) = { m?(22 + m?) ...[(n — 2)*> + m?] , if nis even
Yl = m(1%2 + m?)(3%2 + m?) ...[(n — 2)> + m?],if nis odd

Example 17 If y = tan™'x, show that

(1= x)ypip +2(n + Dxypeq + n(n + 1)y, = 0. Also find y,(0)

Solution: Herey = tan™x.....D

Differentiating equation (3 n times w.r.t. x using Leibnitz’s theorem
[Vne2(1+ xz) + n61Yn+1(2x) + nCZYn(Z)] + 2()’n+1x + ncl)’nl) =0
= Vne2(1+%%) + Yny12nx + n(n = Dy + 2(peax +nyp) = 0
= 1+ x2)yy4, +2(n+ Dy, +n(n+ 1)y, =0...... @
To find y,(0): Puttingx = 0in D, @and ), we get
y(0) = 0,y,(0) =1andy,(0) =0
Also putting x = 0 in @), we get

Vn+2(0) = —n(n + 1)y, (0)

Putting n = 1,2,3 ... in the above equation, we get



y3(0) = =1(2)y,(0)

=2 v 3,(0) =1
¥4(0) = =2(3)y,(0)
=0 + y,(0) = 0
y5(0) = =3(4)y,(0)
=—3(4)(-2) = 4!

Y6(0) = —4(5)y,(0) = 0
y7(0) = =5(6)y5(0) = —5(6)4! = —(61)

= Yan1(0) = (=D"*(2n)tand  y,,(0) =0

Examplel8 If y = (sin"1x)?, show that
(1= x)yy4r — @n+ Dxy, —n?y, = 0. Also find y,(0)

Solution: Here y = (sin"x)2.....QD
>y, = ZSin‘lx.\hi7 ...... @

Squaring both the sides, we get
(1 —x?)y,% = 4 (sin"1x)?
=1 -x)y?=4)°
Differentiating the above equation w.r.t. x, we get
(1= x*)2y,y, + y,*(=2x) —4y; =0
>A-x)y, +y(=x)—-2=0 ... ®
Differentiating the above equation n times w.r.t. x using Leibnitz’s theorem, we get
[Yns2(1 — %) + Ne, Yn+1(=2X) + ¢,y (=2)] = (yn+1x + ncl}’nl) =0
= Yn2(1 = x%) = ynya2nx —nln = Dyp = Gpeax +1y,) =0
=> (1 =2y — Cn+ Dxyy —yn? =0......@
Tofind y,(0): Puttingx = 0in O, @and @), we get
y(0) = 0,y,(0) = 0and y,(0) = 2



Also putting x = 0 in @, we get
Yn+2(0) = n?y, (0)
Putting n = 1,2,3 ... in the above equation, we get
y3(0) = 1%y,(0)
=0 v30=0
¥4 (0) = 2%y,(0)
= 222 +¥,(0) =2
¥5(0) = 3%y5(0)=0
Y6(0) = 4%y,(0) = 42222

. (0)_{ 0, if nis odd
WA = 02,2242 . (n=2)2,if nis even
Exercise 1 B

1.Find y,,ify=x3cosx
Ans.x3cos (x + %) + 3nx%cos [x + % (n— 1)7r] + 3n(n — 1)xcos [x + % (n— 2)71] +
n(n—1)(n — 2)cos [x + % (n— 3)71]
2.Find vy, ,ify = x%e*cosx

Ans. 2ze*cos (x + %)
-1

1
3. If ym + ym = 2x, prove that(x? — 1)y, + 2n + Dxy,; + (n? —m?)y, =0

4. 1f yv1 4+ x? =log (x + V1 + x?2), prove that
(1 +x%) Y2 + 20+ 3)xynis + (n+ 1%y, =0

S.Ify =[x +V1+ xz]m, prove that (x2 + 1)y,, + 2n + Dxy,. + (0> —m?)y, =0

6 If y = (sinh™1x)?, show that
(14 x®)Vpsp + @n 4+ Dxy,yq + n2y, = 0. Also find  ,(0).

Ans.  ¥,,.1(0) =0and  y,,(0) = (-1)*12.22.4% . .....(2n — 2)?

7.1f y = cos (m sin~1x) , show that
(1= x*)Ypsp = @n + Dxy,q + (n® — m?)y, . Also find v, (0).



8. If f(x) = tanx, prove that f*(0) — n¢,f"2(0) + n¢, f**(0) = - = sin%



