LESSON-3

ASSIGNMENT PROBLEM

INTRODUCTION

The assignment problem is a particular case of the
transportation problem in which the objective is to assign @
number of tasks(jobs or origins or sources) to an equal
number of facilities(machines or persons or destinations)-at

a minimum cost(or a maximum profit).

Suppose that. we have ‘n’ jobs to be performed on
‘m machinés(one job to-one machine) and our objective is
to assign the jobs to the machines at the minimum cost(or
maximum profit) under the assumption that each machine
can perform each job but with varying degree of

efficiencies.

The assignment problem can be stated in the form
of mxn matrix (c;;) called a Cost matrix (or) Effectiveness
matrix where cj; is the cost of assigning i machine to the j™

job.

Jobs
| 2 . S RO A n
1 Cii Ci12 CI1. - cevpovanes Vecshe  Bin:
2 C2) C22 CBF swssemsssiiae C2n
Machines 3 C3i Ciz Ci3 SRR AR ‘C_':,n
m Casi Cm2 Cm3 - eeereeeeeeien. " Cmn

52



3

&

-~
-

Mnthemancal formulatmn of an assnynment problem:-
 Consider an assignment problem of asmgnma n jobs

ton machmcs(one job to one machme) Let ¢c,; be the unn
cost of assigning i. h"machine to the j' " job and

- {1 ifj'" %ob is assigned to i" machine
if j'" job is not assigned to i

achme

Let Xij

The assignment model is given by the following LPP

n n
Minimize Z2 = z 2 Ci Xy
1=1 1=1

subject to the constraints

E XU =] it [ P e, n
i=1

n

:E Xij =1, =12 000000 n
J=1

and x;; =0 (or) 1.

~ The technique used for solving assignment problem makes
use of the following two theorems: |

Theorem 1 The optitnum assignmen! schedule remains
unaitered if we add or subtract a COnstan* ﬁom all the

.....

= -

matnx _ |
‘Theorem 2: If for an assignment prob!ern all ¢;, > O, then
an asmgmnent schedule(x;;) ;

" :
.which satisfiesZ ¢;; x; = O must be optimal

1= |
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%%‘ Algorithm (or) Hungarian Method
" First check whether the mumber of rows 1S equal to

the number of columns. If it so, the assignment prn?bl.em 1S
<ad to be balanced. Then proceed to stepl. If.it is not
-balanced. then it should be balanced before applying the
algorithm. - o

nt of eachirow from

Step1:- Subtract the smallest cost eleme '
n\.cost matrix. See

all the elements. in the row of the give
that each row contains atleast one zero.

Step 2:- Subtract the smallest cost element of gach_column
from all the elements in the column of the resulting cost .
matrix obtained by step 1. ' '

Step 3:-(Assigning the Zeroes)
a) Examine the rows successively until a row with
exactly one unmarked: zero 1s found. Make an
assignment to this single unmarked zero by.
encircling it. Cross all other Zzeroes in the
column of this encircled zero, as these will not
_be considered for any future assignment.
. Continue in this way unii} all the rows have

been examined.. ;

b) Examine, the columns successively until a
column with exactly one unmarked zero is’
found. Make .an assignment !0 this single
unmarked zero by encircling it and cross any
other zero in its row. .Continue until all the

| columns have been examined.
Step 4:- (Apply optimal Test)

a) If each row and each column contain exactly
one encircled zero, then the current assignment
is optimal. : , ' £

b) If atleast one row/column 1S without. an .

assignment(i.e.. if there s atleast one
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row/column is without one engircled zero), then
the current assignment is ‘no{ optimal. Go to.
step 5. | '

Step 5:- Cover all the zeroes by drawing: a minimuim
number of straight lines as follows:
a) Mark (V) the rows that do not have assignment
b) Mark (N ) the columns (not already marked)
that have. zeroes in.marked rows.
c) Mark (¥ ) the rows (not already marked) that
have assigninents in marked columns. ,
d) Repeat (b) and (c) until no marking is required.
e) Draw lines through all urimarked rows and
marked columns. If the number-of these-lines 1s
equal to the order of the matrix then it is an
optimum solution otherwise not.

Step 6:- Determine the smallest cost element not covered
by the straight lines. Subtract this smallest cost element
from all the uncovered elements and add this to all those
element which are lying in the intersection of these straight
lines and do not change the remaining eleménts which lie

on the straight lines. -

Step 7:- Repeat steps(1) to (6), until an optimum
assignment is attained.

Notel:- Incase some rows of. columns contain more than
one zero, encircle any unmarked zero arbitrarily and cross
all other zeroes in its column or row. Proceed in this way
until no zero is left unmarked or encircled.

‘Note 2:- The above assignment algorithm is only for
minimization problems.
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e s balan’ced-

4
2. 15 the given dss) t - probleni ‘18 Qf
e _ assignment ~ pI¢ :
:;;Znizaﬁo“' typ%f OPVErt it to 2 minimization assl_g]m}ent
problem DY e ; i—nmm (~Z) and multiply all the given
cost element® b}.{ﬂ;m t-he Cdst matrix and then solve by
‘assignment algori=H _ i om
. : . & . -
Note 4:- SO‘.}]BMH:F zerf;na] Cost matnix contains more thap
required pumber g ©S at independent positions. This
at ther MOre “than one optimal solution

implies that | sotit sol
(multiple optimal  SC tlons) with the same optimum

: ost.
assignment ©

] blem of assigning five jobs to
At costs are given as follows:

1 Job
_ 2 3 4 5 .
- 4 2 6 1 N
el s 2 5 s .4
Person D 4 8 9 2 6
E 9 3 1. o 3
optitium assj > e 3 2
Determine the P - Bment schedule. -t
: ~ cost maty
Solution:- 1he B of the given assignment
problem 15 ‘
. e | '
0:i- o 2 . 8 1]
3 g 5 5 4
4 3 9 2 6
. D 5 1 0 3
. ¢ the number of ro_ 8 9. 5_)
- Sin¢ he cost matrix th“’s Is equal to the number of
columns in ! . s given assignment .problem



,Ste ,1‘ SeleCt the snlalled cost element in cach row gy
subfract this from all the elements of the comresponding

row, we get the reduce:d matrix.

"'I.

7 "3 1 . 5 O-\'
0 9 5<% .5 4
_ 1 6 7 .0 4
4 3 1 0 3

L 4 0 3 " 4 O__‘J

Step 2:- “Select the smallest cost element in each column
and subtract this from all the elements of the corresponding
.column, we get the reduced matr..

— 7
0
1
4
4

- - , D

Since each row anid each column contains atleast one zero,
we shall make assignments in-the reduced matrix.

owawvw
NOOKO
A OO WL
OWhE Lo

Step 3:- Examine the rows successively until a row with
exactly one unmarked zero is found. Since the 2™ row
contains a single zero, encircle this zero and cross all other
zeros of its. column. The 3" row contains exactly one
unmarked zero, so encircle this zero and cross all other
zeros in its column.” The 4th rew contains exactly onc
- unimarked zero, so encircle this zero and cross all other
zeros In its column. The 1* rew contains exactly one

unmarked zero, ‘so encircle this zero and cross all other

- zeros in its column. Finally the laslt row contains exactly on
~unmarked zero, so encircle this zero and cross all other

i zeros in its column ~Like. wnse emmme the \,olumx"«

' 57'
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Successively. The assignments IDTOWS and Columns in th
reduced matnix is given by '

) 3 9 5 0)
© 2 4 5 ﬁ) :
1 6 6 ©) g4
4 3 (0) 0 :
4 (0) 2 4 0 L

\

Step 4 :- Since each row and each_tg.lmun Contains exactly
One assignment(i.e., exactly on¢ encircled 2€ro)the curren

_ @ssignment is optimal.

S

timum assignment schedule i

Therefore, The OPp . )
8iven by A 5, B 1, C->4,D23,E22,

’,

The optimum ( minimum ) assighment cost ( 1+.

0+2+1+5) cost units = 9 units of cost

Exam ple 2: The ptt)cessing Hme .in hours f,br the jobs when
allocated to the different machines are indicateq pejow.

Alssign the machines for the jobs S0 that the tota] processing

time 3 171
is minimum . ;
: Machine
- s

M1 M2 M3 Mg Ms

a9 ¥ s8
o on gy B TR, B g
6_3 Jobs 3. M. E 9 5y
P g4 74 42 27 49
vi¥ 36 1 57 o

J5
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..'uS"o]utionii The cost matrixf of the given

probleni-is i |
T o 22 58 11 19 )
43 78 - 72 ~50 63
41 28 . 91 - 37 45
74 42 27 49 .39
36 11, 577 - 22 <25 )

Since the number of rows is equal to the number of
columns in the cost matrix, the given assignment problem

is balanced.

Step: 1:- Seléct the, smallest cost element in each row and
subtract this from all the elements of the corresponding
row, we get the reduced matrix.

"o . A3 49 2 10
0 35 29 7 20
13. O 63 9 17
47 15 0 22 - 12
25 0 46 11 14

s ’ -

Stép .. Select the smallest cost element in each column .
and subtract this from all the elements of the corresponding

columin, we get this following reduced matrix
b SR R (o' - -p ™
o 35 29 5 10 |
13 (0 63 7 7
47° 15 (0) 20 2
. 25 B 46 9 4
— ' : o

Step 3:- Now we shall examine the rows successively.

Second row contains:-a single unmarked zero, encircle this

~ zero and cross all other zeros in its cglumn. Third row

" contains a single unmarked, zero, encircle this zero and
' 59 '



cross all other 31605 in its column. Fourth

smgle.un_marked zero, encircle this zero aﬂd. - xactly one
ZEI0S M US colypm,pn. Afler this no row is with €X

unmarked zerqg So go for columns.

ourth column
his zero and,
11 the rows

Exami’?e the columns successively. F

contains exactly one unmarked zero, encircle t
cross all other Zeros in its row. After examining 2

and columns,_ we get
—
(6 13 a9 0y ®
0. 35 29 5 10

A3 . 0y 63 7 7
47 15 '(0) 20 2
25 o4 46 9 4

Step 4:- Since the st 151 and 5™ column do not have any
ASSIZRMENL, the cyrrent assignment is not optimal.

Step 5 - Coyer all the zeros by drawing a minimum number
of straight lineg as follows: ,

2) ,r;fifrk(\f) the rows that do not have assignment.
€ row 5 is marked.
b) Mary () the columns(not already marked) that
have zeros in marked rows. Thus column 2 is
. Darkeq,
c) Mark(+) the rows(not already marked) that have

45S18hments in mirked columns. Thus row 3 is
.Markeq,
_d) Repeat (b) and-(c) until-no more m?f.klflg 18
®Quired, In the present case this repetition is not
€) ?raw lines through all.unmarked rows( rows 1, -
' ‘g‘ and 4) and marked columns(column 2)."We
et | S
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Step 6:- Here 4 is the smallest element rot covered by these
Subtract this 4 from all the uncoscred

straight lines.

0 £ 20 = HO
13 0 63 7 7
47 5.0 24 2
© 25 0 46- 9 :(4b
~T

elements and add this 4 to all those clements W hich arc
lying in the intersection of these straight lines and do <
change the remaining elements which-lie on these stra:gii
lines, we get thé following matrix. :

~ 0 17 49 0O 0 )
0 39 29 5 o |
9 0 50 & 1o
47. 19 0 sy ca ]

210 42 uid ¢ )

L .

Since each row and each column contains atleast one zero.

we examine the rows and columns successively, ; pEpcéal
step 3 above, we get
& 17 49 () W
0 39 29 5 10
D - (0) 59 3 3
47 . 19 (0) 20 J
21 K 42 5 (0)

In the above matrix, each row and each culul..l

contains exactly one assignment (i.e., exactly one encircied
. vzero), therefore the current assigrunent is optimal.

Therefore the optimum assignment schedulc »

.J —>M4. Jz')Mh JJ%M:, 14'9M1, 5 '9’M§ and the Optmu Nt
_.prqcessmg time = F1+43+28-+27+25 hours = 133hours
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Unbalanced Assignment MOGER

If the number of rows is not equal to the Number o} |

columns 1n the cost matf_i?‘C of the given assignment |
problem, then the given assignment problem is saiq.t e

unbalanced. _ ) " .
First convert the unbalanced assignment pProblem

into a balanced one by adding dummy rows or duimmy
columns with zero cost - elements ‘in the cost matrix
depending upon whether m < n.orm=n and then solve by

the usual method.

Example 3:- A company has four machines to do - three
jobs. Each job can be asSigl ed_ to one and only gne
machine. The cost of each job-on each machine is gjyen iy
the following table " Machines

1 y 2 3 4
24 28 32

Job B s 13 1719
: s cqp B B 3

What are job assignments which ”-}“"thmm’f‘izc the cost?
Solution:- The. cost matnx’© © BV assignmey

A 18!

Problem is ig o4 28 37
g - 13 17 19

Since the number of rows is less than the number o
the given assignment propjey

Columns in the cost matrix, s .

is unbalanced. To make 1t ba]-,;‘.;:zc&]anadcg 2 dumm
- Job(row) with zero cost elements. ced cost matri
IS.gIVCn by 18 g " 24 28 32

£ gl T el

?o 5 19 22
gha 0 Oz -5 0
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select the smallest COSt CIEIMCEIL 11 CdCil TUW dld SULLaL
this from_ all the elements of the correspondmv row, we get

the reduced matrix ._
10 14

~ 0 6
0 5 o . 11
0 5 9 12
0 o 0o 0

In this reduced matrix, we shall nn.ke ‘the assignments in
rows and columns having single zero. We have

(0) © 10 14

& 5 9 11

e 5 0 12

0 (0) & o
Since there are some rows and columns without
' assignment, the. current assignment is not-optimal. Cover
all the zeros by drawing a minimum number of straight
lines. Choose the smallest cost element not covered by
these straight lines,

6 10 14

5. 9 - 11 - N

G 9 12 A
B o D 0

.\[

Here 5.is the smallest cost element not covered by these
“straight lines. Subtract this 5 from all the uncovered
clements, add this 5 to those elements which lie in the
intersection of these" straight.lines and do not change the
remaining elements which lie-on the straight lines. We get

0 1 5 9
o - 0 4 . 6
0 0 4 7
- TR - 0 0

Since each row and each column contains atleast bne zero
Wﬁ_'shall make assignment in the rows and columns having
- single zero. We get
. o 63
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- (0) 1 5. ¥

) ) 4 6

0 0 4 , -1
5 0 0 9

Since l_here are Sbl‘he "rows and col]_.lmns - with 01,;
assignment, the current assignment is not optimal. Covera
the zeros by drawing a minimum number ofsu;alght lines.

5 9 Y
4 6 v
(4 7 v
0—0

i
Choose the smallest cost element. not covered by thes:
straight'lines, subtract this from all the uncovered elements
add this to those elements-which are in the intersection 0
the lines and do not change the remaining elements whicl -
lie on these straight lines. Thus we get-

0 | 1 5
0 0 0 2
0 0 0 3
5 4 0 0

Since each row and each column contains atleast one zerc
we shall make the assignment in the rows and .column
having single zerg. We get

(0) 1 1 5
0 © o 2
9 0 ONE
9 4 5 (0 .

Since each row and each column contains exactly on
assignment the current assignment is optimal. Therefor:
optimum assignment schedule is given by A->1, B>2
C23, D24 and the optimun  assignmen
cost=(18+13+19+0) cost units ' "8
' = 50 /- units of cost.
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_,Nolel - For this problem, the alternative optimum scheduic
is A>1, B3, C>2, D24, with'the sume opumum
-as:.}gnmt:nt éost—Rs (18+17+15+0) = 50 /- units of cosl.

~ Maximization case in Assignment Problems:-
The maximization problem has to 'be converted into
an equivalent minimization -problem and then solve by the
usual Hungarian method The conversion of the
maximization problem info an .equivalent minumization

problem can be done by any one of the following methods:
1) Since 'max Z= -min(-Z), multiply all the

cost elements c;; of the cost matrix by - -1.
Z) Sabtract all the cost elements c;, of the
cost matrix from the highest oSl

elcment in that cost matrix.

Example 4:- A company has a team of four salesmen and
there are four diswicts where the company wants to start its
business. After taking into ‘account the capabilities of
~salesman and the nature of districts, the company estimates

that the profit per day in rupees for each salesman 1 each
district is as below: |

. Districts
1 . 2 3 .4

A 16 10 14 1
B 14 11 15 15
C 15 & 13 12
D 13 12 ~ 14 15
Find the a=.51gnment of salesmen to “various districts w hth

- will'yield maxium profit.
~Solution:-The cost matrix of the given assignment problc.m

1S

Salesmen

16 10" +14".: - 11
14 PPl 18 15
S kanp o (. EETR) T i
A3 A2 4.5 5

05



“Since this 1s a maximization problem, i.t can be Con.Vt:l'te'lrl
into an equivalent minimization problem by subtracting all.

the cost elements in the cost matrix from the highest cost 10
of this cost matrix. Thus the cost matrix of the equivalent

minimization problem 1s

0 6 2, 5
2 5 1 1
1 1 3 4
-3 4 ¥ 1

Select the smallest cost element in each row :
subtract this from all the cost elements of the corresponding

row(column). We get the reduced cost matrix:

0 6. 2. 5
I 4 0 0"
0 0 2 3

2 T 1

Since each row and sach column contains atleast ong zero,
we shall make the assignment in rows and colums having

single zero. We get

© 6 2 5
1 4 . © 8
0 ©) 2 3
2 31 . (0)

Since each row and each column contains exactly one
assignment the current assignment is optimal. Therefore
optimum assignment schedule is given by A->1, B->3,
'C->2, D>4 and the optimum profit is =Rs (16 +15 +15

+15) SO
=Rs. 61/-

Schedtling by PERT and CPM

Introduction | g | |
‘A Project is defined as .a combination of

interre]aled activities all of which must be executed in a

66
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certain “order to achieve a set .gogff large and complex .
project iﬁvélveé-us'ually a numbel ; 1i1te‘r'r§:51'ated ar:tivitiesl
requiring men, machines and matenals. It is impossible for
thb'hanagéﬁient to make and exef:ute.z?n optunum schedule
for such a.project just by intuition, based on the.
organizational capabilities - and work experience. A
systematic scientffic approach has become a necessity for
such projects. S k number of methods applying network °
scheduling techniques has been developed: Programme .
Evaluation Review Technique (PERT) and Critical Path™
Method (CPM) are two of the many network techniqueés -
which are widely used for planning, scheduling and |
controlling large complex projects. ~ | |

The three'-main managerial functions for any project

are
W 1. Planning
2. Scheduling
. 3. Control -
Planning | : -

This phase involves a listing of tasks.or jobs that
must. be performed to complete a project under
consideration. In this phase, mien, machines and materials
required for the-project in addition to the estimates of costs
and durations of various activitics of the project are also.
determined. | -
Scheduling | -

“This phase.involves the laying out of the actual
activities of the projects in a logical sequence of time in

| which they have to be performied. !

, ‘Men and material requirements as weil as the
| gxpectcd completion time of each activity at each stage of
the project are also determined. -
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Control ‘
This phase consists of reviewing the progress of the

_project whether the actual performance is iccording to the
planned schedule and finding. the reasons for difference, if
any, between .the schedule and . performance .. The basic
aspect of coritrol is to analyse and correct this difference by

taking remedial action wherever possible. .

. 'PERT and CPM are especially, useful for scheduling

and controlling. ——
Basic Terminologies

Activity is a task or an item of work, to be done ina
project. “An aclivity consumes resources like time, money,

labour etc. |

An activity is represented by an arrow with a node.
(event) at the beginning and a node (eveiit) at the end
indicating the start and termination (finish) of the activity.
Nodes are denoted by circles. Since this is a logical
diagram length .or shape of the arrow has:no meaning. The
direction indicates the progress of the activity. Initial node
and the terminal node are aumbered as i — j (j > 1)
respectively. For example If A is the activity whose initial
node is i and the terminal node is j then it is denoted

diagrammatically by

; A £

&> -3
The name of the activity is written over the -arrow,
not inside the circle. The diagram' in 'which arrow
Tepresents an activity is called arrow diagram. The (initial
and terminal nodes of -activities are also called tail and head
Cvents,
If an -activit

aCtivity A then it is denoted by

Ga D

- 68
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Ais called the immediate predecessor of B an B s
called the immediate successor of A. If C can start only
_‘after compléting © activities A and B then it s
diagrammatically represented as follows:

B o G
@B

Notation: “A is a predecessor of B" 1s denoted as -y
B’ “B is a succeéssor of A” is denoted by “B > A”.

If the project contains two or rnore activities which
have some of their immediate predecessors in common then
there is a need- for introducing what is called dummy
activity. Dummy activity is an imaginary activity which
does not consume any resource and which serves the

purpose of indicating the predecessor or successor
relationship clearly in any activity on arrow diagram. The
need for a dummy activity is illustrated by the following.

usual example.

Let P, Q be the predeccessors, of R and Q be the
only predecessor of S.

OB OB
|
feniihs g ! =

- Activities which have no pretiebbessors are called
start activities of the project. All the start activities can be
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made to have the same initial node. Activities which have
no successors are called terminal activities of the project.

These can be made-to have the same terrmnal node (end
node) of the project.

A project consists of a number of activities to be
performed: in some technological sequence. For example
while constructing a building the activity of laying the
foundatiori should be done before the attivity- of erecting

the walls for the building. (The diagram denoting all the
activities of a project by arrows taking info account the
technological sequence of the activities is called the
project network represented by acnwty on arrow
diagram or snnply arrow diagram.

Note: There is another representation of a project
network representing activities- on nodes called AON
diagram. To avoid confusion we use only actlv1ty Oon arrow
diagram throughout the text.

Rules f6r donstructing a prqject rg'étvgvork

1. There must be.no loops. For cxam'ple, the
activities F, D, E. Obviously form a loop which

' 1s obviously not possible ‘in any real project
network. |

2. Only one activity should cbnncct_any two nodes. -

3. No dangling should appear in a project network:
i.e., no node of any activity except the terminaf
node of the project should be left without anj
activity emanating from it. Such a node can be

' Jomed to the termmal node of the project tc

avoid.

P 9]



NW&: numbered using the rule gig‘en below:
" (Ford and Fulerson’s Rule) .
1. ‘Number the start node which has no predecessor

gc\ ' activity, as 1.

Delete ail the activites emanating from-this node
1.

3. Number all the resul'ting start nodes without any-
. predecessor as 2; 3.

!Q

4. Delete all the activities ongmatmg from the stalt |
nodes 2, 3, ... in step 3.

5. Number all the resulting new start nodes without
any predecessor next to the last number used in
step (3).

6. Repeat the process. until the terminal node
without any successor activity is

reached and number this terminal node suitably.
i B 18
Network Comput4tlons(earllest completion of a project
and critical path)

The completion time of the project is one of the
very important things to be calculated knowing the
durations of ‘each activity. In real world situation the
duration of any activity has :an element of uncertainity
becaise of sudden unexpected shortage of labouyr,
machines, materials etc. Hence the completion-time of thc
project also has an element. of uncertainity. We first
consider the situation where the duration of each activity is
.deterministic without taking the uncertainity into account.

am‘b;/ﬁrst network calculation one does is the
computation of earliest start and earliest finish (completion)

71



d]_]j’ﬂﬂc}n of each. acti,‘/ity

. - S R e .
fime of each activity given the d pass calculation.

The method.used is called forwal

j-j can be denoted as Eg .

... tivity .
Earliest start of an ac t occuirence of the eyey

= Esij- It can-also be called earli€s
1. ' '

‘Formula for Earliest Start of an activity 1§ 1D a'proje,
network is given by

ES; = Max [ES; + t;) |
Where ES; denotes the earliest start ﬁﬁf‘;a‘:gdaguact.ivities
€Mmanating from node i and t;; 1S =y ration of
the activity i-j.

- Earliest finish of any activity FJ 15 80t by adding

the duration. of the activity denoted by tjj to the earliest sty
of i-j. § )

To computer the latest finish and latest start of ea,
activity :

The method used. here 1S c.all.ed ba Qk,Wa.rd._ Pass

calculation since we start with the terminal activity a;

nd go
. back to the very first node. We caltmlat.e the latest finish of
€ach activity as follows:

Latest finish of all the termma?ng(end ) activities jg
taken as the earliest .completion’ tme '.?f ‘thc Project.
Similarly latest finish of all the start act_xw_tl.es o Obvlo..“Sl
~ taken as the same as the eariiest start ok th?se start
" activities. Latest finish of an activity 15 tenoted by LF; or

- LF;. It can also b lled_the latest 0€€ _““"’“"f. O.f the Cvent
S Lazesrﬁﬁ?fﬁ:aih activity is thelatest linish of ¢,

activity minus the duration of that activity-
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e latest start time Of Al i ACUNalieg
o event i of the activity i-j. LS, =
1 -defined i-j activities where iy i i

Formula for th
emanatmg from th
‘\lm[LS ~ t;;} for a
csnmalcd duration of the activity 1-).

Crmcal P':th Paths, connecting the first mitial noue 1o
the very last termmal node, of longest duration in any
‘pro;cct wetwork is.called the Critical path. This plays a
very important role in project: schedulmo problcms

Examplc .-, o talculate the earhiést start. earhiest nnsi.
latest start and latest finish of each acuwtv of the projeci
gwen Below and determine the Crlucal path of the project.

Activity 1-2 1-3 1-5 2-3 2-4 3-4 3-3 3-0
Duration
(in Weeks) g ¥ 12 4 10 3 3 i)
T B :
Solution:-
Activity | Duration Earliest T
(in weeks) =
Start - | Finish Start TR eh s
-2 3 ) E 5 i S‘.‘f‘_‘-.}l-‘m
1-3 N o 0 7 S M BE
1-5 - 12 0 ‘ . 12 ) ,‘ _‘-l -
FAINaR L 8 N ¥ .iI* -
74, 0 8 — 18 [3 g
34 3 | 12 15 b A
HEL TSN A o pebd o T 16 3 P
16 170 12 22 N s
a6~ 17 . - |18 25 18 5 1aa
) MR O . G - Gy . QA



E=17
‘L=2].

<
i

¥
“Floats:- — =
Total float of an activity (T.F) is défined as the

difference between the latest finish and the earliest finish
of the activity or the difference between the latest start .

" and the earliest start of the activity.
.Qot_al float of an activity i - j = (LF); — (EF);;
Or - = (LS);-(ES);

Total float of an activity is the amount of time by
which that particular activity may be delayed without
affecting the duration of the project, If the total float is
positive then it rnay indicate. that the resources for the
activity are more than adequate. If the total float of an
activity is zero it may indicate that the resources are just
adequate for that activity. If t!_:e total .float is negative, it L
may indicate- that the resources for that activity are

‘inadequate.
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‘the (L-E)ofan event ofi--j 1S called the slack of
the event_) )

]

There' are three other types of floats for an
activity, namely, Free float, Independent  float and

interference (interfering) float.

Free Float of an activity (F.F.) is that portion of -
the total float which can be used for rescheduling that
activity without affecting the'succeeding activity. It can be
calculated as follows:

CFree float of an act1v1ty 1 — j = Total float of 1—j—(L '-__-_E)

f the event )
_ = Total float of i — j — Slack of
1he head event j - -
| = Total float of I — j — Slack of
the head event 1
Where L - - = Latest occurrence
E = Earliest occurrence

.Obviously Free Float < Total float for any
__-—_-_____—_""_‘—-—-—-—___

activity.

Independent float (1.F) of an activity is the
amount of time by Which the activity can be rescheduled
without affecting the preceding or succeeding activities of

that actiyity.
“ Q::l:pendent float o‘f an activity 1 — j = Free float
of i—j— ) of event 1.

= Free float of i = j — Slack of the tail evént i.
Clearly,

ThusLF<F.F<T.

Independent float < Frge float for any activity :
5/
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ring Float or Interferéncan

_ gand s
thing but the slacko iontof an

?‘:;e-rfe
3¢ head eyent j.

4

Ob\;iou?ly ’ ¢ i —j = Total Float of i_; |
Crme g Floa ;o J < Free Float of 1

ferin
B Q

Ex_a_mple 13{-3 the total float, fre
u e float and

Caleists ™ 5 .
i1r1.d"f:pﬁncl611t float Tor th e project whose.acti?ities are given
below: . . |

. ]-2 1-3 1-5 2_3 .
Activity 3.5 3-6 46 s 2.4  3-4
Duratio? 3. 7 . 12 4
ke _ 4 :
(in week) 5 0 7. 4, 10 3

.16



“Activity ].Duration Earliest lszizat P i Floats
1 - e (in wesks) () N )
. Start | Fimsh | St | Finish | TF | FF T7f
13 3 0 8 0 B < 0~ 10 |4
) ] 0 7.+ | 8 I55- |3 5 ST
1-5 12 0 12 3 . |21 918 15
33 |4 8 2 (11 |15 T 10 To
24 10 8 18 8 I8 O [0 Jo
34 X 12- | 1S 115 18 3 3 0
3-5 5 12 A7 16 2l K 0 3
3-6 10 12 22 E 25 3 13 10
4-6 7 18 25 18 25 . 0 [0 [0
56 4 17| 2} 21 {35 1T 13 Jo

Total float of (2-3) = (LF-EF) of (2-3) = 15-12 =3 from the
table against the activity 2-3
Free float of (2- 3) Total float of {2-3) — (L-E) of event 3
='3 — (15 -12) from the figure for event 3
=0 — .
Independent float of (1- 5) Free Float of (1-3) — (L-Ej of
event 1 ‘

=5-(0-0)=5
Note that all the critical activities have their total floa! as
- zero. The critical path can also be defined as the path of
least (zero) total float.

Uses of {loats:- Floats are useful in resource leveling and
resource. allocation problems. Floats give some flexibility
in rescheduling some activities so as to smoothen the level
of resources or allocate the limited resources as best as

possible.. s
 Exercise:- )
1. Solve.the assignmient problem
| A B G D
I 1 4 € 3
11 9 7 10 9
III 4 5 11 ¥
IV 8 7 & A

|
~J



Write down {he stepwise procedure for demrh}ing_
the critical path of a project.

3. A project schedule has the following characteristics:

Activity: 1-2 1-3 24 34 35 4.9
56 5-7° 6-8 7-8 - :
Time: 4 1 1 | 6 - 'S
4 8. 1 2 -
Activity: 8-10 9-10
Time: 5 7

Find the critical path.

4. A maintenance activity consists of the following
jobs. Draw the network for. the project and’
calculate the total float and free float for each.
activity. 'What can you say about the slacks of the
events of the project?

Jobs: 1-2 2-3 3.4 3-7 4=5 = g5

5-6 6-7 )
Duration: 3 4 4 £ 2 2

3 2

5. Draw the rieiwork and determine the critical path -

for the given data:

. Jobs: 1-2 1.3 2-4 34 35 45

4-6  5-6
Duration: 6 5 10 3 4 6
2 9 -

Find the total {loat, free float and-.indepe“dem float of

each activity.

2N
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LESSON 4

!

' Programme Evaluation Review Techﬁique : (PERT)

ThlS technique, unlike CPM, takes into account the
uncertairity of project durations into account. - PERT

calculations - depend upon the following three time
estimates. |

Optimistic (least) time estimate :  (t; or a) is the duration
of any. activity when everything goes on’ very well during
the project, i.e., labourers are available and come n time,

machines are working properly, money is available

whenever needed, there is no scarcity of raw material
needed etc. 7

"Pessimistic (greatest) time estimate :

duration of any activity.when almost e
against our will .and a lot of difficulties is
a projéct. |

(t, or b) is the
very thing goss
faced while doing

L]

Mostly'lik'ely time estimate : (t, or b) isthe duration of
any activity when sometimes things go-on very well,
sometimes things go on very bad while doing the project.

Two main assumptions made in PERT calculations are

(f)The activity durations are independent. ie.. the
time required to complete an activity will have no bearing

ofi the complétion times of times of any other activity of the
project. '

(ii)The activity durations follow § — distribution.

B distribution is a’ probability distribution with density
function
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the standat

-

w o, -y Twith mean tg = (12 +(44) (to- 1p)] and

4 deviation.o 1= (1, - 1) / 6

PERT Procedi® T

Draw the project net work

(2) Compute the eXpected duration of eatti activity

(3) compute the eXpecteq variance
L=

s> = [(tp-10)/6] 2% of each activity.

(‘:;),COI”“P“"e the Gar lieS,t start; earliest finish, latest
start, latest finish and

Total float of each activity.

(5 Determine the criticg) path and identify critical

activities.

(6) Compute the expected yarjance of the project
Jength (3‘150 called the yarjance of the critical

path) dc” WhICh 1S the g0 of the variances of all

(7) Compute the expecteq standard deviation.of the
project ength Sc and ca)cntate the standard .
pormal deviate(Tg - Tg)/ 6. where

TS = Speciﬁe‘d-br_ SChed

the project

Te = Normal expecte

s. = Expected stang

jength.

uled time to complete

d project duration
ard deviation of the project

80



(3) Using (7) one can estimate the

i :‘.i.”i'.i'_

completing the project within a
specified time, using the nonnal carve (Ared)

‘tables.

Basic differences between PERT and CPM

PERT

3

CPM

.. CPM was developed for conventional
‘like construction projecis which consists ol we

PERT was developed in a brand new R and D
project it had no consider and deal with the
uncertainities associated with such projects.
Thus the project duration is regarded as .
random variable and therefore probabilities are
calculated so as 1o characterise 1.

Emphasis is given 1O important  stages ol
completion of -task rzther than the activities
required to. be performed to reach a particular
avent or task in the analysis of network. i.c.
PERT network is essentially an event — onented

network.

PERT is usually used for projects in which tine
estimates are uncertain. Example R & D

activities which are usually non-repentive.

PERT helps in identifying critical areas 1n d
project so that suifablz necessary adjustments
may be made to meet the scheduled compiction
date of the project.

prOJCC[S |

I

known .routine tasks w hose resource

81'



Guiremene and  duralions were kngyy, with
certainty. |

CPM 1s suited to establisi’ 2. trad;, off for
optimum balancing between schedule tiyna 4.4
cost of the project. '

9

a

CPM is used for pro_]eCtS involving We]l known
actw:tles of repct:tlve in namre

(]

Example : ”
Three time estimates (in months) of activities ofa -
preject are as given below: :

Time in Months

Activity a m b -
1-2 08 | 1.0 | 1.2
2-3 3.7 5.6 09
2-4 6.2 6.6 | 154.

" 3-4 21 2.7 -|. 6.1
4-5 0.8 | 34 | 36
56 .09 | 1.0 | 1.1~

(a) Find the expected duration and standard dcv:auo nof
each activity

(b)Construct the project network

(c)Determine the critical path, exp“ted Project length anq
expected variance of the

project length

(d) What is the probability that the PTOJeCt will be
Completed

(1) two months later than expected
82



(1) not more than 3 months earlier than expecied
R e - ) ." g i )
- (1) what due date has about 90% chance of being,
met?

Sohition : (a)

Activity | a | m | b | t .G
1-2 0.8 1.0 1.2 1 |0.067
2-3 37 | 56 | 99 | 6 | 1.03
2-4 6.2 66 | 154 ] 8 | 1.53
3-4 2.1 2.7 | 5.1 3 0.5
4-5 0.8 | .34 | 36 { 3 | 047
5-6 09 | 1.0 | 1.1 | T [0.033]

(D

¢) Critical path: 1-2-3-4.5.6 . )
Expected project length: --44 months
Expected Vanance = (0,057) + (1.03)°
+(0. 5)%+{0.47)*+(0.033)*

' =1.5374 .

Tberef’ore o, = V1 5374 =1.2399

d) 1) Ts =16, Tg = 14, 5.=1.2399 fst'f\"\
7= (16-14) / 5. = 2 /=502 L
= 1.61.50

P(Ts < 13)=0.9463"

P(Ts < 13) =94, 63% Reqmrcd probability

83
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¢yiy Te= 11, Te= 14, o= 1.2399
&= (TS'—TE)/ Oc
= (11-14)/1.2399=-2.42
P(Ts < 11) = 0.5 - 0.4922 = 0.0078

Required Probability = 0.78%

d)iii) z value for 00% area in the table = 1.28 nearly
Let Tg be the required due date. Then
7= (Ts "'"*TE) / ETc < ) "i’}.‘o s ?/Jﬁa)‘
1.28 =(Ts—14) /4-6023- 1~
128 x 1:2399 = 15.59 months nearly.

Cost Consideration in PERT and CPM

Crashing

earlier discussionis on PERT and CPM it
the only constraint for an activity was the
the completion date. Availability of
cts were not considered. |

In all the
was assumed that
starting date amd
resources and cost aspe

There are two kinds of cost with can influence the

_project schedules. They are Direct costs and Indirect

CcOSiS.

sts are the costs directly associated with
\

Direct co
each activity such 25 machine costs, labour costs etc for
each activily.

Indirect costs are the.costs due to management

sarvices, rontals,” INSUTATICE including allocation. of fixed

cxpenses, cost.of secusity eic.

Direct CO5tSs, increase when the duration of any
scltivity is to be reduced since one has to use more |
n,achines, more labour, more money tc shorten the
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duration. . Indirect costs "decrease when we shorien e
“duration of & project.

Therefore there is some optinium project duration -
a balance between excessive direct costs for shorening the
project and excessive indirect costs for lengthening the
. project. )

There is a method for finding the optumum duraiicn
and the associated -least cost called least cost schedule It
should be observed that there is no meed to crash all jobs o
get a project done faster. Only critical actuivities need be
expedited. Least cost schedule will indicate which critical
activities are to be crashed and by how much so as to get
the optimum duration.

Step.by Step procedure for-least ccst schedule
(1) Draw the network.

(2) Determine the critical path and the nonmnal
duration. Also identify the critical activities.

(4) Find the total Normal cost and the Normal
duration of the project

(5) Compute the cost slope for ea ch activity by
using the formula

Cost Slope=Crash'cost - Normul cost
Normal duration — Crash duration

(6) Crash the critical activity of least cost slope rirst
to the maximum extent

Possible so that the project duration 13 really
reduced.
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(/1 valeulete the new direcet d cost by cumulatively

adding the cost of the crashing to. the current
direct cost.

Total Cost =

New direct cost + Current
Indirect cost. “ '

(8) When critical activities are crashed and- the

duration is reduced other paths may also become
critical. Such critical paths are called paraliel
critical paths When there is more than one
critical path in a network, project duration can
be reduced only when either the duration of a
critical activity common to all critical paths is
reduced or the durations of different suitable
activities on different cntncal paths' are
simulataneously reduced.

(9) Stop when the total cost is mihimum’ This gives
optimum (least cost) scheclule called optlmum
duration.

Note: (1) M'.lmn'mm (least duration) need not be
the same as (least cost) optimum-duration. (2)

‘When no indirect cost is _’given the lcast cost
optimum duration is' the same as the normal

duration where no crashing is done

least

crashing cost duration may be found out.

Example :

The following time-cost table (time in days,

cost in rupees) applies to a project. Use it to arrive at-the

network

associated with

completing the project in

minimum time at minimum cost.

| Activity Normal Crash
Time - Cost | Time. Cost -
2 2 500 1 1400
i 1-3 5 1000 12 2000
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144 . - I3 1000 3.0 1800

2.4 11 500 1. 500

2-5 5 1500 3 2100

3-4 4 2000 3 3000

3-5 6 1200 4 1400 |
4.5 - 900 2 1600 |

Critical path 1-3-4-5
Normal duration =12 days
Total Normal cost = Rs. 8900

This cost is'the minimum cost since no indirect cost is
given in the problem. If we want the minimum duration

with respect to crashing cost we proceed as follows:

- Critical activities are 1-3, 3-4 and 4-5 %C‘.J-
Cost slope table & &
Activity - Cost slope T L
) \ y, \'{f‘"
1-2 600 o0,
9,
1 A 3 -»3 .'ﬂ - i
> 23.03 (,),OO g/ 1



1-4 400

2:4 )
be crashed

2-5 300

3-4 : 1000
3-5 - 200
4-5 700

(Cr = Critical
cannot
(Cr)

(Cn)

Stage 1: Crash the aciivity 1-3 'by 3déys.

Since 1-3 is the critical activity of least cost slope.

. Critical path'continues to be the same. -

No new critical path.

Now the duration =9 c}lays
Total Cost = 8900 + 3 x 333.33 =

\_
)

{/?7‘
f/ry
Vo

Stage 2: Crash 4-5 by 1 day

Since 4-5 is.the critical activity of least cost slope.

Duration = 8 days
5 2 88

9900




There are 2 critical paths now -

<

Stage 3:- Crash 3-4 by l day and 3 -5 bv 1 day
Duration =.7 days" ;
Critical paths | :
i) 1-3-4-5 : H4-3-5
i1i) 1-4-5 i
Coét = 10600 + 1000 +2oo
) a
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:.!!l\

the cntcal

crashed.

cefore least (Minimum) " f
Therefo | cost 5 Rs. 11800 duration

associate

JENANIE & W

least cost crash schedule tabie

The f'ollowing da

Cbe craon iz since the activities 1-2,
* "“‘: ‘t: L;
.3 can ki

path canno
thoueh the duraticns of

15 7 ‘days with

-

-

;‘Shcd further and so the length of
: be reduced below seven ecven:
OMe Grher critical activities can be

Sta| Crash (ﬁ::_"om Direct | Indir | Total
ge ation Cost ect | Cost
’ Cost .
(0) m‘; - 12 8900 -~ 8900
(] 1-3by- 2 8900+ | - | 9900
days 3x333.3
| 3
2 4("5 by g 9900+ | - | 1060
ag-g_‘_ = 1700 0
(3) | 345y} . 10600 | - | 1180
day and + 1 x 0
3-5by 1000
day + 1. x
. N — | 200

Example: ta is pertaining lo a project

itk =
with normal time

'Norm*:i'i"*\and crash time.

{ Jobs | Crash -
Atme Time Cost

12 . 6 200
-3 . 2 350

1 2-4 l—o— R} /' 90.
25 BB | a00
= 1 | 200
ras ] o | 180

s




‘a) Ifthe indirect cost 1s Rs.100 per day find the leas!
_cost schedule(optimum duration)

b) What is the minimum duration?

5

Critical path-1-2-5: Normal duration 18 days.
Total cost = Indirect cost +direct cost = 1800 + 580 = Rs.
2380

Cost slope table

Activity Cost slope

1-2 _ 50 (Cr = Cnitical)

1-3 | 100 ‘o

2-4 : . 40 - % \)--”

2.5 . = 6\ (Cn g+

3-4 25 \O 5/*
. ‘A ' 27

Stagel:- _ 15 _
Crash 1-2 by 2 days. Current Critical path: 1-2-5

Current duration = 18--2 =16 days \ k% B
Current Total cost = 16 x 'l O(q)\+ 1 00 = 1600. +68q = 2280 %(%

- " ' /

4-5 (C
1-2 is the critical activity of least cost slope ﬁé




< Cyrash2-3by 4

St‘ﬂ_-’:‘g ~ @ s ’1.‘—,.
dasen - Fiizioul getivities 1-2 and <
73 . |
“Since t % A5 12 days.
e duratjon-of the path 1-3-4
_3-4-3

c : Z .= :
\ll'ren-t Cr‘.ﬁcal paths : i) 1-2-5 i) 1 ’
Cuﬁen

"duratjon = 16~ 4 =12-daYS |

' 680 +Rs. 240 = Rs.
2120 tota] cost = Rs. 12 x 100 + RS- Y 1

_5, 3-4 and 4-5.

Stage 3. Criticg] activities 1-2, 1-3, 2 |
© Critica] activities 2-5 and 4- >y ;n(ii?zl:gct}]]i:.mce

.,n»of the path 1-2-4-5 1S 11 da?il:y.
..S'can be crashed only by one 5 . |
Current C.n'ti(;a] paths: ]) 1-2-5 ;md 1) 1-3-4-3
Cu“:em GUrgti.on C12.1 =11 -

t e - 5. 920 +1x60 + 1 x10
= Re200q . tost =Rs.11 x 100 + R



Hence the optitcum drration = 1] L

20090

h)L 2ast or minimum duration 1s also 11 davs
_ Crashing schedule can be tabulated as tollows:

St | ¢ .ash [ Current | Direct | Indirect | Tortal ;
ag | Duration | Cost Cost | Cost
e | _r - i e
L (U) 0 18 530 | 1suG | 2380
. (1) | 1-2by 2 16 68C | 1600 it
days 3
(2) | 2-5 by 12 9.0 1200 2120
days i |
. : o L .
(3) | 2-5and 11 Qcy 1100 2090
4-5 i *-
by 1- :
“days :
é e e
Exercise

1) What are the two main costs {or z
examples.

i:’rt),]‘:c{-’ Il;aii:v;'l..‘-;\.: -‘-'.‘.:t



) The acuwilies 01 a prejsc: with normal 2nd crash lime
and cost are giver below: . _

B Nornal ./ . - Crash

T Activity Time .Cost Time - | Cost
i hrs ~ Rs. ' ~ hrs Rs.
(1:.2) 20 . 2000 15 3000
(1,3) 0 1500 | 7 | 23800
(2.5) {5 |7 1000 |. 10 | 1500
(3,4) 16 3000 | 12 | 4000
[0:2) 42 4500. 16 | 5700

. (4.5) 14 1500 _ | 10 2100

. [

Q
. g \o5 9 %
Find the optimum scheduling of the project which
minimizes the total cost.

4) Write Short notes on the cost aspecté of PERT. ,\ .
o

3) Time estimates for a project is given below: J D

Activity Opt‘ffmistic Most-likely Pessimistic
time ' time ‘time (days)
A(l. 2) 2 5 | | 14
B (1. 3) 9 12 15
C (2. 4) 5 14 7
D (3, 4) 2 5 | 8
E(4.5) 6 9 12
F(3.5) 8 | 17 20
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Find the critical path expected project completion

time and the probability that the project will be completed
in 30 days.

G) A maintenance foreman Has given the following estimate
‘of times and cost of jobs in a maintenance project.:

it
. Normal - Crash
- Job- | Predeccessor | Time | Cost | Time | Cost
: : T hrs Rs. hrs Rs.
A Co- 8 .| 80 6 100
. B A T - 40- 4 94
C A 12 100- 5 184
D A 9 70 5 102
E B,C,D 6 50 6 50
Overhcad cost is Rs.25/- per hour.
Find |
L &&/ (a) The normal duration of the project and the

associated cost

(b) The minimum duratmn (optimum) of the project
and associated cost.

(c) The least duration of the project and its cost

(d) If all the activities are crashed what wil] be

project duration and the corresponding g?r
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