g wnﬁuéf
uuulueofnﬁmctiau

intermed Simply If the p:r:l ¥y Iiea
tumsofnsanes. outsic
[xox,]ﬂ:theudmmﬂff{y):scaﬂedeﬂu

we will be mainly concerned with interpolation.
O Newton’s Forward Interpolation Formula

We know that
Ayg =M -Yo I&. yi=yo+Ap=(1+4)yg

Ay, = Y-y e, ya=y +Ay =(1+48)y = (H—.ﬁ)l
Ay, = y3—-» Le, }-;—v1+,ﬁmra—{!+ﬁ}\2 (1 +AP

i u

In general, y, = (1 + A)Y" yp
Expanding (1 + A)" by using Binomial theorem we have

nn-1)A2  n(n-1) (n=2) A’ |
Yn = I['l'ﬂ.ﬂ'l‘ 21 + 3! +--+]l‘n

nin-1
Yp = j'(.rﬂ+nh]=yﬂ+n Avp + ‘_I:_l A% Yot

nin=1)(n-2)
3!

This result is known as Gregory-Newton forward interpe
Newton's formula for equal intervals,
Note 1 : This formula is very useful and gives greater acc
X + nh is near the beginning of the table.

Note 2 : The first two terms of the above formula will give 4-'--'
interpolation, the third term will give the parabolic interpolation 8RS

Example | :  Find the mfnfng 2 uﬂfnﬂ Sfrom the first J{ﬂ'tﬂlﬂ
yx 0 <y (g J vy ‘

[4"; ﬂjljz- 4Jf__l"i
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yixg + nh

-, y(1946) =

1941 | 2 | |
st | 3 jr 4

13
1961 52 4 — =

s zge ol h= 10,0 = 12

n's formula we have
Bf Newe H“J'-”' 3 ,’—J——'J’I [”-;I“I_-z ﬁayui."'
o+ 3! '

}—--.ﬂ+uw[,+ A%y

?
1940
1946 1.e. N = 3.5

(3.5) (3.5 - 1) i

13+13*1J"[1}l+ 7

: _[_35){35-1)(1'5 2) < (-6)
35:1'5-1;(3'%-‘*”35—_1 o

L (B35)(5- n{ss zm'i_s)_il?;ﬂ

12 +3.5+2625-13.125 + 3. nﬂ?s +0.5469
12 + 3.5 + 26.25 + 3.0078 + 0.5469 - 13.125
32.18

-, The population in the year 1946 is 32.18.
Tnﬂndlhtpopulationin!heyurlm:

_-.'l 1940)

‘tﬂ -+ ﬂh

n u

1911 +n- 10

H n n
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g =T = 1#'::i -

76 [ 176 | 188 194 (205 T213 T30 T35

ence table is as follows :
I’ =f(x) | Ay ﬂlj Ay Ay ﬂs’ 2%
. 9 | (A% | |
185 | | 0o | [ﬁ3yn} '|
9 | |0 | @Yy |
g | 1% | | 0 | 0 | @)
| 9 i 01 -1 | (A%
By 20 |0 o=t 5
| 9 | -l |4 !
| 212 - 3 | i |
|8 | 2 ok > (N
| § 220 | | I | | _I
9 [ o]
o o | | | L. 1

“Herexo=0,h= 1.y =176 = f (xg)
We have to find the value of f

Bemolation formula we have,

Wxg + nh)
wW0.2) =7
Iu+ﬂh = 0.2
D4+4n-1 =02
n =02 0202-1
-W0.2) = 176 + (0.2) (9) + 2

- 17T R i ¢ ol st rha il wtly it ol
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_".I'ﬁ+n.ﬂ_‘r’u,+ =Y

,ﬁ:\lu"l' o




1 |
1

e e

LI @+« L9
TJ-D(3.7-2 g
,31e1-l L
L 3QT=D0I-DEI=Y e

J(3.7-D(3.7-2) (3.7-3) (3.
+3T§3 ) lmﬂ 3!{3?-4!:{_2“}

= 12+ 3.7+2997 - 16983 + 5.4487 + 0.5944
= 3473
in the year 1948 is 34,73,
2 in the population during the period 1946 to 1948.
= Population in 1948 - Population in 1946
= 34.73-3218
= 2.55 thousands
ppic{;  Find the value of e!-45, given
el 7=54719, &'5=6049, o7=06.6859,
S20=73891, &' =81662, &2=9.0250, &'=9.9742

don ;
[hdlﬁcrcncc table is as Fﬂ]!ﬂws L e =
[ eey [ & [ oy [ oy {45 | 8% | a8
) | S4739%0) | Ayg | " B ] I
| |
| 0.5757 | (A%yg) | |
13 | 60496 | 0.0606 | (A*vp) .
| 0.6363 00063 | (400 |
19 | 66859 | 0.0669 0.0007 | (470
A | 0.7032 0.0070 0.0001 | (ASp)
1389 | 0.0739 0.0008 0
b 0.7771 0.0078 0.0001
% 8.1662 0.0817 0.0009
0.8588 0.0087
0.0904 "
0.9492
I'- ™1
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Vi,

. (2)

ey whe'

used "

| ALYl - " e Ly |

' _-ll. ' e e T
O R T
f(x) | 0.3989 0353y o :

024301 0 (208 | & occn
Evaluate [ (1.8). L 292071 0.1295 | 0.0540 !

Wm:i;'ﬁ_:ffncc_ Iiill.ﬂ(',' 15 Eﬁ.giwn. below,
[z /@ v [ v [ [ % |
0.0 | 0.3989 | G
| ~0.0468 | | | |
05 | 03521 | | ~0.0633 | | |i
| -0.1101 | L 0.0609 | |
L0 | 02420 | | =0.0024 | | -0.0215 |
—0.1125 | 0.0394 | (Vdyg) |
1.5 | 0.1295 | 00370 | (V3yg) I

0.0755 | (V2yy)
:.ﬂ “”54” ['ﬁ;"-ll-u'lI .

{_;D] (vp) |
Here xg = 2.0, v = 0.0540, h =05,
ac we have to find the value of f (1.8) near the lower end, we apply
‘&':-'r'tnn's Backward interpolation formula,

nmin+ 1) 7?2

=

vig+nh) =¥+ nVyg+ = 9] Vo

! £
nin+1){n+2) 7

¥ 3! Yo+ o
vyil.8) = 9 |
/ |.8 —% 10+n (0.5) = 1.8
I'-U + nh = il L
;BB

(-04)04+ 1) ,0370)
~0.0753) * 2!

(LB = 0.0540 + (0.4

, 2 Jolipihle terms
(=0.4) (0.4 + 1) (=04 +=) (0.0394) + neglig

[ ! = 007728

; 4 _ (100252
= r}.:}:ﬁ4n+r.r,u:mz_n.uw 0

Hence f1.8) = 0.07728

(N
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.I';.]

Jaced

”EJH'EH;;
. 2007)

— "}

e *.'_I_

— ‘I.'!'r

: . X~5)(x-6
(2-0)(2— I}[E—-M{Z—SHE-H s)

(x-—D)i(x~1) X -2 S | b i 3

EpEE
e — X -4 (x-6
(-0 ~DG-2)(5-5)G-¢) ©®
e l.\-_f]Ht—Il{.r—zux_.m_r_ 5y
(6-0)(6-1)(6-2)(6-4)(6-5) \}?
- D= (x—4)(x—5)(x—6)
y(x) = (= 1N 2D (=5 (=-6)
| ) - ex—4) (x=5)(x-6)
) Y e
() x =1 (x—4)(x-5)(x-6)
(DD EDE3) (-4
(x)(x=D{(x-2)(x-5)(x-06)
(HHR=1(=2)
(x)(x=1)(x=2)(x-4)(x-6)
T ) @YY INE D
) (x—1x=2)(x=Hx-3)
F 6 (5) (@) @) (19)

(15)

(3)

(6)

Substitute x = 3 we gel

3 —T1)(3 2HI-4H3-5H1—m
. -G£ e e
i) = 240 i
(3)(3-23-DC-HC=8) 4
P 60
1 W - Y o S Y |
(3)(5— I‘_“_-.__—__]'_i_[_"__"ﬂ'._-—-— (18)
)Lt 75

ey g
N (3-1)E-2B=IE=2 (5)

g 48 1
H!H—hii—l]ﬁ—-ﬁ[.s- )

= * LoakiO8 oy

(3-8 B=5) o)

: e
AN 1) (=D=) 60
L _Eiﬂ_u__%?} T e 2y (=3) (8
3 2) (= 3)(12) ;- T

i

e @y ED0S)
OTEN =) 240
YOI
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S0me

Ax).

o U —u
4+ YO+ a7
k) Do 2l

. ﬁ 5 i I .I.I-J' r? n
B[l (5] 452

: “ : 3 }rﬂ
A (ad -
-+ IEr I-:T_].l-" 4 "-} "‘E'lr'n-i-
3 B -|| . ﬂ
L R s
ﬂh "}ID+ :I_ .l"-'”'i' :.: 3 — "‘:‘1— l"‘l.-l']
: 1 nt : "-.l :
f:-l.\ i PRI Jlﬁ_lul,+ ]
it | L ,_.E l |'."1' 2
fp)ds = & | Wo¥ Ayo+3\3-7) A%
0
W < 1
+ 6 |._ P n-+ ”u; A- ¥+ J A

1| Quadrature Formula for equidistant ordinates

This gives the gener
| ote's formula.

ud is known as Newton-C
JTII?EZIJH]AI- RULE
Putting n = 1 10 (A), we gel
.

ap+h |_
'-ui yix) dx=h [ yo + 73 Avp |

1“ ' ' Jor differences)
(neglecting higher order
: fi : Ayl
== | W (v + B¥0
_ 2 rayg +Avol =73 DY + (0
s Y

:L-:: voT ,"'11

> . 7 ‘t‘-l
Inthe interval (xg + h. %0 ¥ 2h), WE B
X+ 1h
] y(x)dx = h [V

Yo+ b

|
+7 Ayl

=;:I 2y + Al =2
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?n#:r
F

+ 1.526056 + | 'ﬁﬁaﬁi s
1) [ 3.034952 + 15.241562 ] 1

= (kL
5.2
I f" S o d_r = I..EZT'ES."I‘I'
4

e by dividing the range of iy

Example 2 :  Evaluate fe ‘*r !
; b ||

equal paris using trapezoidal rule.
Salution : ] {Nov. 9 TII

= (.25, The '-’alau

Here the length of the interval is h=

I—ur“_[]._]n '|| = t._l' I‘|_'|-r LJLh I']{'I][“ ﬂl—‘\llhdl‘vl‘wll}ll :-]T‘r.! EI\.’ETI hﬁlﬂw

e Rl 5 0.75 L .
~2 | 1 [09394 | 0.7788 | 0. 5698 | 0. 3678
Yo | ¥ V2 V3 Y4 J
By Trapezoidal rule we have :
! ) i
J & |_|!r_l = E | [1.1_'|+‘.'_ 4= _-Ii-'l,'lI —l|'2+ 'I'_-:,] ]
< ¥a
5 e
= — 113678 +2(2.2876)] = (0.125)(5.943)
: 2
[ e de = 07428 ,
0 ,
Example 3 : Evaluate ir_“'_‘l_ |
' J4y2 0 WSing Trapezoidal rule with h = ﬂl*
{i
determine thy
Solution : e vaike of m
Here /) = 0.2

T
he values of the function Y=
subdivision are given below,

S 02, 1 {}4 (55 i';_
| L_ 11 0965 (et
[[P=r— 2940 0.8 73
| ol Al )L.862] 00,7353
W LI I i I Y3
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e _.._.".1' ‘ .u
“for a shor -F'-t...,

¥

by
an® = Ax

Ay = Ax tan ©

X

o dy
L - Slope at (xy, yg) =(H‘i]u = tan B}

1. 1002) A
Ly = Yot &)
dy
Y= n+(d¥) ax
¥ (1.2676) ¥y = Yo+t f (xp, ¥g) i [Assuming Ax = h]
|:. g = f (x,vy)from(l)
5 fil o ¥
.
-’dl. ;
= f (xp.¥o!
wh“ T (xp. Yo J .
Thenext value of y corresponding t0.x= X3 (=x +h)is
(4Y)
b == Vi + 1
when x = 0. PR TG [ .(d
iy
L EL) 2y }.}
2) = 1.099] yp = Y+ I'_“ln‘"I”T L'l'\d"‘jl f (X

, obtain the ya = Yot ffl'f: 1-"1-}h~‘:lc'
e _
03 28 Mgeneral y, .1 = Ynt f (e s ) M this manner, We could
d proceeding in f x and ). |
2) = 0.981] 8 taking /1 small enough an tPDf cﬂncspﬂ“d‘“g values ©
| Sulage the cxpressmn (2) as a S€

by E mcl hod is either 100 slow (in
s method is given by

?T 3 1) for prﬁ:t'.cn]
::nfh is small) or too inaccur

0.4) = 1.0/ ] oD
WPROVED EULER'S METH

. 1 wauation DE
the given first order differential equatl ook1)
dy
< = f&Y : =) 2
v s f he-:cnd'“"" y (oG g0 for yu
Lq'*s solve this equation under t pprﬂ"“ : .
: with the initial value Y (e ‘ﬁa
from the relation v
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e vix k) = vl +hkfln
Note : 1. The error in the solution can be reduced by dgq,
is linear. ¥

J. Because in Euler's method we use straiph

4. The error in one-step of the modified Euler meth. .
is called the local error. Mﬁuw U4

ﬂmmmp.mlhrlh:mwmrlhm:w 1;.1_-_': -'
I called global error. TN

Example | ; Using Improved Euler's method find y (0.2) and y 0 41 .
V=x+py(0)=1 with h =02, (AU} Mo

Solution :

The Improved Euler's algorithm is
h
Ym+1= Ym*3 ”‘-Im-}’m}*'ﬂxm +h, Ym +hf{'tm1 Y1)
Putting m = 0'in (1) we gel

h
Y= Yo+3 (S (x

}'DJ + _r {ID + h, Yo+ hf (Iu., }'o}"
Here 5=, Yo=1,

fy)=x+ Y h=02
“ f (%0, ¥0) = W+rY=0+1=|
Subsliiuling (3)in (2) we get

S
¥ = }'u'l-z [l+f'1’n+fl._‘b’u+h'l”

140, “+ﬂ‘t0+h-}'u+h”

= 1+01
Nowf (0.2, 1.2) = 02+ l..“! :fﬁl 1.2))

]thﬂ
1= 140 (14 g

= 1+00) 24 =
Yy = g )= 14024

- r02) = 124

Substituting (5) i (4
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ﬁ_i !l” (Ll -2 d L ’ ! ,
7= B=yon= I
: = (L= IMF{IWSQ

= 1331~ 12170 = 0.11
W (BR-y -222)'11

1' -2.. ¥

3.1'["'—1’1 | ol
(112 = (1 |uuz}= (0.1140) - 2 (1L.OOSS) (1.1gq
3,63 -0.1376 - 22248
1.2670 l
Substituting these values in (7). we gig_L
1.1002+(0.1) (1.0055)+ 3 (0.1140) +
11002 + 0.10055 + 0.000570 + 0.000211

y(1.2) = 1.2015

4

n

n o n

Luh..l

’ Vel 1.2
y | 11002 [ 12015
0 EXERCISES U
i 5. dy -
|, Solve *L-. =—xyatx=0.1,02 given that 7~ de = =0.5. J.-=1

[Ans. y (0.1) = 1.049, y (0.2

il | :
2. Given !i_l -.{{‘::j;} +yv=0,withy ()= 1, ¥ (@)= ﬂ,
values of ¥ (0.1) and v (0.2) correct to 3 decimal places usi
series method
[Ans. y (0.1) = 0.995, y (¢

:'Hx A

FERS A () with the conditions ¥ (¢
Vv (0)=0. Find v (0.2) and v (0.4).

3. Solve the equation =5

[Ans.y (0.2) = 1.0204, y (0

O EULER'S METHOD

Consider the first order differential equation
dy

de = 1Y)

Let us solve this differential equation under the condi or
¥ (xg) = yo. The solution of (1) gives y as a function X W
written symhnhcnlly as '
= F(x)
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[ovo+ 6 01 =0 +¥2 =21 +30]
Eﬁ{' 6

=

h .-J.|+1r"l
gy Vi o V| d
g1

0 +2h I sdyr ]
lﬂ[ y(x)dx = 3 [ Yo+
= i 4h w 2hy *
: intervals xp + 2h to xp + e pef, 2h
Similarly for the next two intervals xo
X +-:j] j_‘ : T = [ r
uJ_ ydr =3 [y2+4n V4 | "
g+ 2h - 2!"“1 ¥
In general,
. + 1 fi | Now AAFE
I » [ ] -
2 [ yx) iy = 3 [ Vp-2+ 4¥n-1 + ¥n | wlly :
tqu.u—:a.l': ::E
¥ . a e | 2 e x
Adding all the above integrals (1), (2), (3) we get, Suctii
xp +nh fi 3 i
IIJ"i Sx)de =3 [yo+4(p+y3+...) + 2 (y2 +yy *ee) 4 9] ,
Ly .,.lq, :_ I
LY} Lots
h . : ! : e
= 3 lyyty,+4 (sum of odd ordinates) =3
+ 2 (sum of even ordinates)] where |
e . : : 54 i Putting
This is called Simpson's one third rule or Simpson 53 rule,
Note I : When using this Jormula the student must bear in mind tha the Vy =)
interval of integration must be divided into an even natmber o
subintervaly of width h. .
- ¥ole £ 0 Simpson's 3 rule is also called a closed formula, since the end s Subas
Yoand y, are also included in the formula.
A=
- TRUNCATION ERROR |N SIMPSON’S RULE
The Taylor series expansion of y = f (x) about x = x| is given by
X =) (X =xy)2 GJ Subn
=y . ——— e i e - o L
: |+ r‘ -III + w Il E lI| L Y i L .1'1

where v, is the value of « . the
!_ ' “: | i 4"”1. [l’ || al ! A | 1”]{J ||'I -'I 'I.'[ .H; A *_’r‘:r HIE-'II:'H
0 _}' 3 _1' PR {.l""l:'l I:I-t Y= A\ l I
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=

3.2

1]
TJ1

q -
L5+ 230687 = 0.1y (7.8374)

pde_ = 0.78374
08z MR
:-.'I. v that
Lnfﬂ'ﬁ
ﬂ;F Jx e g L Vo dy
i = (tan' X) =7 =4 2
] [+X 0 b+ x=
- ' = 4(0.78374) [From Trapezoidal Rule]
T (g F A 3.13496

tsing Trapezeidal rule evaluate | y dx from the Sfollowing

L Now 'r!'l"v";l mmph__‘ ;

(b6
ues of rahile. ey
e —T 06 | 0.8 1.0 [ 12 U 14 ) N6 1 LA A0
£ 53 [ 158 | 203 | 432 [ 625 | 836 10,23 | 1245
it
afion ; 2

e =02 TEELEEYEELE 18 | 20 |
o Ta32 | 625 | 8.36 |1023]1245]

= 58 2.03 p F
I B ! " 74 Vi Vs ve. 1
¥ ) N i .
i T = = l‘ e
H\'Tr;ll'ltfi"iﬂnﬂ rule, we have
) |
ul " i I
: "IJ| : +.|-_|.,"I,'.l-i‘-'-*‘5_'-"'_"'.l+""'|-l"(ll
1;”'_:' == IL¥h ¥ - 4 o
i 7 1746 1548.36+10.23))
(.2 7 |1_:‘}3.',.|-],.1]:~-r 4. 3240,

|]"ihH-1 P,

(0.1 179.221

|"[‘if,1 = ?,'}:1

2 Hence .

{ '92] : 1
e JsiMpson's ; RULE b

: = e relation b

_ i Fultmg n= 2 1n thi dl’.‘-“"‘.*f i m:-:.ﬂﬁ{l we get

point® teglecting all differences above! 1 L oA
e ' e e e

']' | Yix)de = h |L:1;,‘flr+ 7 Ay 2

' f
5 |

|
)
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:F’i%[zyl W ﬁ'}?l' +E‘fﬁh";ltm

p N
=+ WA 0 e

=

n iy I
ﬂ-l‘-"*ﬁl = [3! P 25) By + ...
.._. i
=77 N+

pincipal part of the error in (xy, x;)
— i
=T
§imilarly principal part of the error in the interval (x, ¥3)

-’
=73 " “and so on.

_JII‘ L1 " \-l'
Hence the total error E = 5 [V + %2 oot T
i
<~ )

12
Where y () is the largest of the n quantities TR

B (b-a) i, » _

E«:_":—j; ® =-"1 2 v"(E) [-n= ,_,I

“Error in the trapezoidal rule is of the order h%.

anple | ; Compute the value of the definite nsegrel {"":#I"

52
[ In xdx using trapezoidal ritle -
‘

' Thammofuuruncnmyﬂ"
subdivision as given below.
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O THE RUNGE -
This method was devised by Runge, &

by Kutta a few years ater. Therefore hﬁ gt et I.;-r |
Kutta method. Unlike any of the methods, plained fv 0C S
two sections the increments of the function are |

means of a definite set of formulae. | ‘—
Here a set of formulae are given without proof for solving 5

differential equation of the form ¢ = f(x, ¥) under the initial condition

y (xg) = yo. Let /t denote the length of the intcrva! between'nquiﬁg.
values of x. The various types of formulae according to their order are
given below,

O SECOND ORDER RUNGE - KUTTA METHOD |

If the initial values are xq, vy for the differential equation J
% = f (x, ) then the first increment in y viz Ay is computed from the E
formulae | &

ki = hf(xg ¥p) g
ky = "'f(-‘ﬂ"'i_:_:*}'n*“%) :
Ay = ky

Now x| = xp+h, Y1 =Yg+ Ay

The increment in y for the second mterval is computed in l'm |
manner by means of the formulae. |

kl = h"r('li' .1‘!]]'

-
[ 9]
|
=
—,
oy
+
o
et
+
(]

ﬂl}’ = kz .
and 5o on for the succeeding intervals.
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ki

ks
i

_],’I
y(0.1)

- f'f {Iu Vo)

I

h (o +xew) =
(0.1) [1%+ (1)}(1)] =(0.D&2)

0.2
hr k
.’gf[ Xota Mo + 'jl_ ]

)

(0.1) [ (1.1 +(1.05) (1.1) ]

0.2365
&
0+ ]

if[ 50+ |
o[ (o4 (204 (w+%)

{ﬂ.'}[(l J 0. ?jﬁaf L [ 1 +‘_’2_|] [I +U.2§65)]

(0.1) [ € 1.11825)° + (1 +0.05) (1.11825) ]
(0.1) [ 2.4246 ]

0.24246

nf(xg+h,y+k)

{G-I}I [JEI*'kiJ?'+f X + h}(rlh'+ kﬁ].l
(0.1) [ ( 1.24246) +(1.1) (1.24246) ]

(0.1) [ 1.5437 + 1.366706 ] = (0.1)[ 2.91041 ]
0.29104

{

Yt
(=
b | tﬂz—

|
g [k,+2k3 +2ky+ky ]
6 02+ 2(0.2365) + 2(0.24246) + 0.29104 15

6[ 144896 | = 024149

YFHAY = 14024149 = 124149
1.24149
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5 = 02+
17 2427+ 0.1569

0.1 0.2 0.3 o
11103 | 1.2427 [ 13996

:m.f. _
values of y(1.1) mmmgm
:s:;m;d (ii) Runge-Kuta method of the fourth order given

ﬂﬂ%‘?’* wiy)=1.

b: v'=,|.3+_;y

™ fx)) = }'?"‘1}'# R
i a=1y=1and A=

And also given that X = 1. E...

::d find y (1.1) using third order Runge-Kutta M

Now ki = hf(xg: Yo)

= h[yd + %o o]
= u}inulf+m{n]=m.n(z}
k= 02 : i

k}': h_;r[ xﬁ+§ -vﬂ+1

]
—
L=
—
—_
—
. 5
=
—

k

-
W T
=
e
&
%
-
=
%
E o~
+ -
=
—
=
+
=
g
il

3 b4 (140.1)
h + 2ky— Ki ..ﬂ_‘zl"'f
m[.;[;!r [(! +2(0.2365) 12

{n.murm‘ﬂ :
(0.1) [ 3.0208] 1
030208 |

= Jg (kg tdk?t ky |

U R
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[1} l}{l 45341]
0.14534

Ei['[il'fdk:‘l’ k;]

< [0.12103 + 4 (0.13208) + 0.14534]

= é (0.7947)
s Ay = 0.1324 9'”-
Yy = ¥y Ay g
¥(02) = y(0.1)+ Ay lso 81V
: ) 50 &1
= 1.1103 +0.1324 poi# (1
L p(0.2) = 12427 fofind ¥
To find y (0.3) using third order Runge-Kutta Method : Now ki T
Here xy = 0.2, w=12427, h=0. =
Now k, = hf(x, h.]l = h(xg+ ) =
= (0.1) [0.2 + 1.2427] = (0.1) (1.4427)
ki = 0.14427 ki =
J k
Jn‘_'- = }{f[ _'l.'l'|'i"-'-|-_E Vi J'F,_I ] ‘t'-'_
: J
= h[ 1'..-'*:_J 4_!..—i—| ]
. 0.
= {0.1) [ . ~ + 1.2427 +Ei£l£]
= (0.1)(1.5648)
bk = 0.15648
ky = hf(xo+h,yo+2k k) k;
= frfrg'r'h-'-.l'u-l-]h—h}l k?r
= (0.1)[0.2+0.1 + 1.2427 +2(0.15648) - 0.14427]
= (0.1)(1.7114)
ky = 017114
|
Ay = 3 H] + 4 ,1-:_ ' 1_-3]
|
= ¢ (0.14427 + 4 (0.15648) + 0.17114) k
1
J ¥ '
= = (0,9413 -
6 ) _#a.y.
LAy = 0.1569 '
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hf (xy + by *+ ke

Ay = %{kﬁﬂz*'uz*w

and so on for the succeeding intervals.

Note : If % is & function of x alone then the Fourth Order Rung,.

Kutta method reduces to Simpson’s Rule.
For, k'l = h f{_tu}

h
3 h f (—"0 + 'i]

h
k} h f[.l.’ﬂ + E)

=
i
i

kg = hf(xg+ h)
h h
Ay = %[f{_tﬂ} + Ef{..tu + E) - Zf(xn +i) + f(xq + h]]
(3)

3 [f[,ruj+4f(,tﬂ+%]+f(xn+h)]

which is the same result as would be obtained by applying Simpson's
Rule in the interval x; to xp + h if we take two equal sub-intervals of

h
width 5 .
Now we shall illustrate this method in the following examples.

Example | :  Use Runge — Kutta method to approximate y, when x = 0.1, 0

0.3, h =0.1 piven =) - _..d"'= .o
B X when y=1and T X+y
Seolution :

[A.U. Nov. 9]

Given y' = 4y

Le, f(x,») = x +y
And also given that xg = 0, Yo=land h=0

2 N

Tofin

=
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7 = hf xo' 1}‘ ’-, !

- b k
= h In+ 2 +h+'§l—]

I

0.1 0.1
0.1 [0+—— .43
{ ) ) + 1+ 2]

= (0.1)[0.05 + 1,05]

k = 0.1

ks = hf (xo+h,y+2k~k)
= h(xo+h+y+2k-k)
= (0.1) [0+0.1 +1+2(0.11)-0.1] ok
= (0.1)(1.22) U1 S

ko= 0122 ' -

5 Ay [ky +dky+ ks

o) =

18
% [0.1+4(0.11)+0.122] = ¢ (0.662) o
J

i

iy = 0.1103
W = Ytoy |
= ]-I‘ﬂ.IlU:? :
L y(0.1) = 1.1103 Kutta Method :
To find y (0.2) using third order Runﬂgf'l
o 3, = 0.1, 0= 11103 A=
Now k, = hf(xo,yo) = MR
= (0.1) (0.1 +1.1103]
h +£J- ] A
T |
k
= ;,[ m*% tyt2

sl

0.1 ,yno3+t— 2.
= (0_1}[0‘” 3 + 1.1

= (0.1)(1:3208)
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[ (xg Yo
e i, Ll

s e
Ky = RS xoff-?ﬂ*'%)'
iy = hf (g + b Yo+ 2k =k1)-
antiny viz Ay 1S computed from

|

Now xj = Xo+h M =Yo? Ly

_ ooy for the second interval is computed in @ stmilar
-';'.- the fonnulae

k= hflx.y):

i

h ky
hflxy+3. %172 )
.‘rf(.l'|+fr.}'|+2k:-k|l.

ky
ks

]

|
Ay = 6 |ﬁ.| +4.|['1+1'-_:|].

nf the succeeding intervals.

N ORDER RUNGE-KUTTA METHOD

Unless and otherwise

iiod is most commonly used in practice.
Order Runge-Kulia

ape-RulL method means only Fourth
—} = f (x, y) be a given differential equation 10 be solved

If i be the length of the interval between

Saditi o y {xu} = Yo-
puted from the

flies. then the first increment in y is com

kl = h f [..':D. }'u.} ’

h Ky
ky = h_.f(.xﬂ+;._~.rﬂ+ 2J :

h k
= hf(_tﬂ*"?.\'u‘f‘%)

= hf':,.l'{]+fl.}'ﬂ.+‘;3,]
= %(k|+2k2+2k3+k4j
= xg+h.yl=ya+&_v
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Y
yr= W04

#‘ﬂmff |
» m‘.”ﬂﬁ (TN =
o X 02 IImﬂ:
' ) 'I‘.l_ 024214 | It,ﬂl_ __i,,
Example 5 : Given y'= X —y, ¥ (0) = 1, find correet to fo
mm:ueofﬂw.bymw ler’s )

Solution : .
The Improved Euler’s algorithm is

h ™
Y+ 1= ¥m+3 f Gy Ypu) + f [y + P Y + B f Oy Vi) !
s Putting m = {]in[l}wc get
y = vu+2 {f (xg.y0) + f [xg + h, J’u+hf(xo-)'ulll
Here xg=0.vg=1, and h = 0.1; f(x.y)=X -y

S (xge o) = Iﬂ:— Yo = {ﬂ}z— l==1
Substituting (3) in (2), we get

0.1
yi= 1+5 (~l+f[0+0.1,1+01D])

= 14005 (=1)+£(0.1,09) )
Nowf (0.1,0.9) = (0.1)* =0.9=0.01 -0.9 =-0.89
Substituting (5) in (4), we gel
i =1+4005( (1) -0.89)
0.9055
0.9055

Find the values of y(1.2) and y(1.4), using I :
method with h = 0.2, given :Ju:gb'- a +xt;y(1) =0

S y(0.1)
Example 6 :

n

Solution :
The Impmved Euler's algorithm is

}’m-& ."'m Zv(xm Pm)""f[x +h-,}'m+hﬁxﬂ'
Putting m = Om(I},weget

-"'0""2 {/(xo, J’o)"'f[xo+&.)b+
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98 = 1.0059 +0.05 (0.9135 + 0.8503)

0
s () [f““j__]__‘ 1.0959 | 11841 |

jnh’f% =y+¢ , y(0) =0 forx =102, 0.4 by using improved

w2 (2) &' Fuler's method.

-? ay =yt .._-'l = v 0, Yo = 0 and h=02

i

ix o
- (3) " {-.-ed guler’s algorithm 1s

¥ +% (A %m V) + [ X+ Byt g, Yal} A1)
i 2
f r—:{rin (1), we get

+£ lﬂ X Vo) + f [-TU + h, ¥ * Ii‘,ﬁ X » -]':"-' -“ (1}
g=1 2 i A

—(4) . X = ﬂ__\r,_rr: ]
Jr’(_r,_‘l']: yte 5 I_TI
- {5) filxg ., Yo) = -2~

watiniting (3) in (2), we gel

¥V — 1. + h { l 'R Iﬂ Yh -4 .;il . _"I':l + ;r] |r
4 R AL } ;
—'D"'ﬂ:: e B 0 [-]'.2‘{' +0.2 H .. (4)
i J

. . (3)

Mio2,02) = 02+e"

.. (6) ﬁs!iluting (5) in (4), we get s JIJ.T'].
e 3(02) =00 [ 1 +0E70

HE 0.1 I 1.2 + ],2:54}

y= 024214

Mingm =1 in (1), we get

Ii R
(T }‘z=}'|+;r i, ..1,1}_1.;1.“ thon
=0.2

b fix ‘}'1”1

B x,~02 y,= 024214 and h
I',n {00 =yt
12024714 = 024214+ €

1.46354

= 024214+ (0.
= (.53485

5l

2) (146359
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AT
T e

i'mhu-wu weget T
W= 30+ 1F 00+ Lio* hedo+ hf oy
i

. 2x
Here x3=0, y=1, f(LJ')"y'?

. 2%, "
.‘.f(xo.yu] - }Fﬂ-'}? = l-—U-l

Substituting (3) in (2) we get
V| = _vu+g {I+f[xﬂ+h.yn+h-|]|

+ 2 (14 £0+0.0,14+0.))
. 14%l (1+£(0.1,1.1))
I L]

0.
Nowf (0.1, 1.1) = ”_%il_l_ll = 0.9182

Substituting (5) ..i (4) we get
0.1
i = 1+57(1+409182)
Sy (01) = 1.0959
Puttingm= | in (1) we gel

h
2 = 1+ (F Oy + f xy +h, Yi+hf (x, vl
Here x; = 0.1, y, = 1.0959

Now fxey) = fo.1, 1.0959)

1 _2(0.1)
10959 - 3563

f(.t‘..yil = 0'.913‘5
Substituting (7) in (6) we get

Yg = v|+2 I09115+_f[[]2.v +1(0.9135)])

109591-

2 2109135+ £(0.2, 1.0059 + 0.1
Y2 = L0959 + 0,05 [09135-1-1-‘{02,11 72)
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124+ 02(144)])

124+ =
" 24401 (1.44 + f (04,1.528))
h° 1528) = 0.4+ 1.528 )
f(0A4
s | 528) = \:f;:t
pinins “1:(31 {24 +0.1 (1.44+1.928)
" 12440.1(3368)
yy = 124+03368 = 15768
= 68 ‘ 2
. (09 l-ij, m,,,,,,,,,:f.“,,,,,, » (O ¢
o f:::ui:w T = 0.1, by taking =0 by 9]
X 3
* ‘I+$’+.W.Iﬂ=ﬂ1 }ﬂ=]ﬂﬂdh
' e ithm is |
Euler's algonit | .
umw:' Ix +h,ym+f!f(—lm V)l }
y +?U{~'~'m-ﬁ'ml+f m |
1= Ym™ 2
| i e gel g
ll:hgm=Um(l]wc | -
ot f (o vﬂ}+ftxu+ﬁ.m+f'f“o
B 4+ X
=x+Y J .”[3]
e e _o+1+0() =1
% f (xp.Y0) = %o+ Yo+ X000 =
i {
Sibstituting (3) in (2) W€ ge .
l+.{l-1-|1+f[ﬂ+ﬂ.l,l+ﬂ.1( -
= 7]
1, 1.0 "o
y = 1 +005 (1+fO L
B 11y = 0.1+ 1.1 +@DE:

5) in (4) we get
{,,}L 1 +005 (1 +13D
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B B =
Lok S A S e

! 1"& b R/ g
‘j v (x) dx -% [‘_'t,..r"?ai!
g+ (n =1k
Adding (1), (2) and (3), we get |
oL

This is called the Trapezoidal Rule.

Note : The trapezoidal rule is the simplest of the formulae g, -
integration, but it is also the least accurate. The qeeyen.
result can be improved by decreasing the interval h, 7

O TRUNCATION ERROR IN THE TRAPEZOIDAL RuLg
The Taylor series expansion of y = f (x) about x = x, ig given by

g )
(x—=2.) ., x=x)° e
y =y +—oy' + T ¥+
L, 'l II Pl - e i.

where y, is the value of v at.x = x; and y,", v|"... etc are the vl

-

yeyielcatx=x

! ‘[  -x) (x=xp)?
S iyde = | M+ v’ 4 51 ¥+ ... | dx

1) 1)
7 . | ' -
X=X )~ {x - llr-' ty
= '||,'t'l 1-_..,”_“_ lII. -I.-_—_;r——— 1.'||” 3o
h 0
.
_ Xy =X (X9 — "‘Ip

MU=t +—Fr— y 4 =2 e

e

=hyi + 370"+ 350" 4

where h = x, - x|
Now ERE e
ow, A, = area of the trapezium in the interval (xy, %)
|
=3h(y +yy)

Pulling A = .l.: .,l]f]d | —: .\,‘J 'in_ |: ] ), we E"'I'.I

TR, .l LI G )
. . I II jll - ol TI”"'----

-
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integration to the computation of a double lnt!;gﬂ;l inval
two independent variables it is cal If._*d mm:h‘:n cal cuba re.

The problem of numerical integration, like  thay o
differentiation, is solved by represenling the integrand hy an ing
formula and then integrating this formula between the Ziven

1]
replace the function f (x) (or y) by an inrc_rpr._!latiun formula,
involving differences, and then integrate this formula I?{EIWEE':I thie.
and b. In this way we can derive gquadrature formulae for the annre: :
integration of any function for which numerical values are kﬂﬂm

Of the many possible quadrature formulae, here we shalj %“h
of the simplest and most useful one. - r.
J Quadrature Formula for Equidistant Ordinates
Consider the Newton’s forward difference formula

|

nin—-1) .
Yl =y(xg+nh)=vy+ l”_‘lll1|'|.| = ___'«LH_|I.U
nn-1)y(n-2
’ 31 A
This formula can als0 be written h?-. rLJ|.‘l]ill.,'il'|11 " h}' e
' = ] i (1 ) :
Y ()= (%0 +uh) = yg + uAyg + L= 1) A2y

M —1) (u=2)

+ 3 Ayp +e il
Lety=vy(x). (2) be the given function
Let us now inteorate (2 i
el us nov shate (2) over n equidists [ Wi
2 4]0 dis ‘als ; B
I+ nh | stant intervals of 'ﬂl]dihh{*m
|- ¥ LY) l'-lll'. = f |
Loty = X0 + uh
| wax = Ml
When iRt
= X0, =i
\ = X+ .m".l, h=n
Y+ nid)
ViX)lder i
[ ‘r‘j Y (X0 + uh) dy
X (
--'-"I‘—_-_.____ =
-‘E‘___ i -
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1920
1925

1940 | 328
= = e ‘1.44 i
5] ind the numerical e
1 Fin . rical value of :
™ * fanction defined as y :-jh.lt of the first derivative - S
of - Pt € atx =04 of the
L X 0.1 T
i I _f_ i 0.2 U i B
) | L10517 | 195140 ividees 0.4
LFes | Lo T | L2 e —
22140 | 134986 | 149187 |
- i Given the following tabulated value: 'rf'l:j‘_f.fﬁ-#}:-l.-iwjﬁ
9, d:;r'_f_rl_‘cn_cc t;_j_l:rlc and evaluate v at x = | ‘? of tunction, prepare a
x| 10 S W T [A.M.1.E. Sep. 88)
. 1.2 1.4 |.6 ; : i
27183 | 3,320 . c£ | 18 | 20 22
y | &AL 33201 [ 4.0552 | 4.9530 | 6.0495 T..’-HU-| ! ;Iu::-‘ |
= - i
r‘II = ke |
[Ans. 3.3205]
y . : i iy
g 14 From the following data find rT‘L at x = 0.09,
i
5 — - : : o h , Sl
Ko 0 .05 0.10 0.15 020 2.0
| O OO0 (0. 1001 02013 (3. 3045 I]-H.IFJ : :n_ﬁ;q[_!
[Ans. [.99999]
5, Find the first and second derivauves of the function y = | (x)
I:l_bululcd below at the point X = 1.1 ra——
' 1 1.0 . .7 [ 1.4 1.6 | 1.8 | j':'__ -|
fix) | apoo | 0.1 :I_;x;r_] . 0,5440 | 12960 | 2.4320 | 4.00
' ' : {Ans. 0.630; 6.6]

J NUMERICAL INTEGRATION :
aluation of a

The term Numerical integration

finite integral
e J j(uu‘-.

is the numerical ev

“ ts and [ (x) 15 @ function given
i able of values.

st by B :
or empl! “"’mm ::J petween the ordinates

\der the curve v

Where ‘g’ and ‘b are gIVEN constarn

{_Tl'licully by a formula
L Metrically, A is the area u
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{I—Iﬂ.}{_l‘ —11] LT __1_3]
e g ——— T
1|'1|'-l = Tﬂ] {.'T! —X3) I‘II o x]} Fi

[x- Iu} {.t' - _t'il}{x___rjj

v
g T (xq - Xg) (X3 —x¢) (3 — xq) 2
. (x = xg) (¥ = x9) (x = x4)
(x3 —xg) (x3 = x ) (x3—x5) 13
x— )X -3 ix—4) 1
W -1 0-3H0- e
' x=0)(x—3)(x-4) (e =0V (e =1 (= 4)
=00 -30-9 O agna-ne-9 ©
: (x=0)(x=1)(x—3) (12)
(4-0)(4-1)(4=3) '~
(x—1)(x D -9 (=12) _-"'Hh'—lHt—-ll :
- - NENED oyoen O
HHI—H{.\.’-TI ﬂl
(x){x—)Lxe—2)
* (A3 h (12)
= f_t.-]][r—_’-ﬂ‘f-ﬂ -x(x -1F[_.\'—'-1}T1'ﬂ.t—|ljﬂ'ﬁ' 3)
= (x— 1y [s—3x- dx + 12 —x>+4x+ x2—3x)
e x- 1)(x? —6x + 12)
= x- 6x2 + 12x —X° Fax - 12 b
) = 'll— T\: + 1oy - II:
Sustituting x = 2 in (1), W€ gel
l‘l4:.|-= :'., ?12?:1._' ]f{q.:\_} - ]?
= 8. 28+36-12 44 40
; -FI
] M) = 4 - i the Im,{wmmrm' throug
:—|r|f.” Gwpled: Using Lagrange s interpolation J [A. U, May/Jurte 2007
m}_ g), (1, 1) and (2, 2)
Caiue low.
oy { in the form of table as GIVED be
. aneed N
n"‘i;lhtn points can be arwltl‘-‘ = |
L U 1 : 'I e
2006/ =170 2
Here vy =0, ¥1 = s
' — 1:
¥ =1, Yi
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v mﬂ“,.,w,,mu ¢3z+m

I iETsw 00 e

. = 10
Sy e interpolation formuty, a0
Lagrange s e followine r
Eample 2 USE ding 10X = J"’-"f”?’"’ e following tapje .
a;rrﬂtpﬂﬂ 5 _! 6. _‘," 0 | l___ll I._
[ T n | (S

Solution :

The Lagrange s inter
X — 'l|,||.'l—11,'|ﬁ'l- '-11"

polation formula Is

_~|:_f'|1'1 iit-n__gllq'l,”—.'lﬂb“n-_ "] }'I.‘!:
(x _‘M__."“] |
+-|:T—\U.+!1|_1..'{'l|_"1|! l l
(x—xp) (x—x) (X =X3)
+|_.L1— Xo) LXa - X)X —X3) Y2
7 |
(x—Xp) (x— X)) (Xx=X2) | vix)
+11'-,_- 1,_“:.1_«.—.11!1.%_1—.'!*_1] Y3 '|
Hera r= 10, =3 Xy =0, Xy = 0, X3= i1 ll
=12, y=13, wi=14 =16
_ (10-&(10-D(I0<=11) . :
FU0) =" s eves 0 (5 — i ()
UO=-510-910-11)
(6=5)(6-N(6-11) (13)
o .||
UO=5)(10=6) (10 =1 1) 1_ -
(9-5)(9-6)(9 - HT‘HJI Suk
'H’—"II‘IHF t~|l|r|lb _Lj], y{
T L= i (16)
5)(11-6) (11 -9)
o bl 511 : 4dg :
= () _: - R Y
14612 - T35 (134 35— (14) 450 Exam
F(10) = 14.63
Example 3 :  Using ' Solug
18 Lagran _;;p_ § formula, fit a polynomial to the dati. TJI
& | ] , | 3 4 |
¥y [ =12 i . 6 . 1.1- 1
also find v ap v ! s =
Solution - yafty=2 ,".-I.U. Nov.y
Hf.‘i'f Xr :“ I:.
1l ] _TI — I : N -4
Vo ==12 : %2 = A3
2t e 2 A [ — -
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= e, (x—50)
Wi W{I] —Xa) ooy _ ’

(x —xp) (v = Xp) -+ (X = NN,
+ T, = X0) o = X1) -0 (X =

PO o

-

W
¥

fl ‘.-1':"-' h}r ."TI‘ -v|!" Ll }rfl -_.-._.

If we denote f (xg)e £{x). -

[1—".|H'l.—‘-'l']'____.1'_-..j-|-:l—,II
- __,__—-—-—'_ == w i _rl_'|
||I (x)] = {]_-U_- _1,1 A~ ..'.:I {lU .L“J

(x—xg) (x—X2) ... X=Xy} .
g —xp) (g =X2) - L = xp) Y+ o

(x—xg) (x=Xp) .. (X=X, ) i
(x,,—Xg) (=X} - Xy =2 ) ¥ |:

1

4

which is Lagrange’s interpolation formula.
Note I : When the arguments Xg, X, ..« X, 8r€ 1ot Equa_“!'!'
then we can use this formula to find y for any x.
Example | :  Using Lagrange's formula to calculate £ (3) from the fy l

table. _ _ : _fA.U. Nov., Dee
s | g 4 | 3 o |
fe 1 (1415 | 5 | 6 [ 190 |
Solution : |
Here x5 =0, X1 =1 o =2, xy =4, xS X5 =6 '
=ho v =14,y =15 y3 =5, yy=6,ys=4

We know that L agrange’s formula is

=X x—x)(x —xq) (x Xq4) (X —Xxe)

Pl = e T

(X — Ly | K p—Xa) (X 1) Xp X4 WXp —.‘f-] !

¥ = xp) (x = x9) (x — x3) (x — xg) (XSRS

X1 = Xo) (%) —x7) (xy = x3) (x) —x) B 15}
W =xp) (x—x) (x = x3) (x ~ xg) (x—5

(X2 ~xp) X2 —x1) (x9 — ¥3) (X9 - 1'4}[1:1-"

B xg) (e —xy) (x = xo) (2~ 3g) (E= S

l"-_l "'I.,lli‘|'1 '|,|:|1-||-:|I "-j”’l_‘.“f.ﬂ{-:]'
b ii’_-"'ill (¥ —xp) (x = Xs) (x —x3) (¥ =

4= X0) (xg — X)) (g — xq) (g — X3) (84S
P () (- xp) (=X

(X5 ~X) (s — X1) (x5 = x9) (x5 —x3) (58 -
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PN A o _
CHAFTER 2

[NTERPOLATION, NUMERICAL

od g, DIFFERENTIATION AND
NUMERICAL INTEGRATION
e I /—’—-__

0 |HTEHFEI'LATIDH WITH UNEQUAL INTERVALS O
nge's Interpolation Formula for unequal intervals
et f (xgh J Xd o f (x,) be the values of the function v = f (x)

ding to the arguments xg. Xy, ..., X, nol necessarily equally

qaresPO"
nﬂ:r:d.

et f (x) be @ polynomial in x of degree n. Then we can represent f (x)

B :
j-[l'] = ”UL'{— '||!l|,_'l. — 'u:l_]...'.'l;- Xnl

+ ) (x —Xxg) Lx— X7) - X=Xl + -
+ 1, (2 = Xphix = 4y) L e, IO,

are constants
Where dg, (), -<- Oy 316

: | Lants @pye T =« Hype
Now we have to determineg the {n -+ 1y constants dp, i I

. . S
Putting x = xp 1N (1), we g€

f A (xn—Xn) oo kNG5
T l'"":}l} = ilp ‘.".f_:. — X} LX) )

G ——

= [y X)

R - — X)L WM
”U |1|'||—'.|||"l| ¥

Pagad |

Pulting x = x| in(1). we g

= on ) el U] _'}r.‘]

(%
_|r|:.I|J = :|'| (Xy - Xpt WA

.|I.|'l.!'

e R
= : S Ty | |
il Il.'] - Xpp) WA 1

Similarly
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6l
3 125 30

L9l 6
6 216 | 36
‘ |75 I8
7 | 343 42 (V3xg)
| 167 [W.tﬂ}
8(xg) | 512 (yp) ‘ (Vxg)

IJ'-— e - —
Here xg=8,y5=512, h=land x=7.5.
Newton's Backward interpolation formula is

vi(xg+nh) = yg+ nVyg + i‘ﬂ;:‘_ll ?2}-“ -
v(7.5) =7 N
Xg+nh =75 = B+n(l) =75
n=75-8=_(5
n = ~(.5

Sy (7.3) =512 # (- 0.5)(169) + [_”'SH;,H'S + 1) (42)

-0.5)(=05 1J.~__
k)
(= 0.5) (0.5) (4

= 512-845+(=0.5)(0.5)(21) + 6

= 512-845-525-0.375
S(1.5)= 421.875

~Jf(1.5) = 421.875
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B i

™ j"‘:“._.'.-- ! :‘;-'"" |"

' 2l j--nv fx)
L . vfm-fx
(f (@)= f &=

f{x}-zf“""}*
: how L
The differences 4r¢ shows % _?ﬁ

- .
C(f - h = e=2)

e au
X __‘_ P A =
X.a=Xg— 3h | Y3 !;,':I:., l
2 'i?}'.n | -
|y | V3
x_a= Xg— 20 y2 | | | vy
J ?I‘I'_ | [
"
h Vo V< |
't-i'_' .tﬂ -
| ?Tﬂ |
Y0 | |
= ¥ ! -
(%= 9 _—

lation Formula
ewton’s Backward Interpo 3
. u']-}'u{ﬂﬂ{l—\']}q:yu

We know that Vy
(or) yp = (1= V) v
Also we know thaty,

[By definition of forward difference operator]

From (1) and (2) we get,
(1-9)! =(1+4) |
= (1 +AY' yg=U1 -V)™"yo

=(1+A4)¥

Henfﬂ .1'IH -
r p(n+l) o, nneD)(n+2) o3 Ly
=| | +aV +7 7 Vo4 3!

L

v (xg + nh) 4 !
i nin+l) W vt

=yo+nVyo+— a1 Vot 3! P
-3 tmsaennlalion fﬂl‘m
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for 3
16688

ance y

HI84]
vy the
' O 'r.l|1

6L W3
srant

jnto
yeen

84)

who

171

| \

————

i Idh 1.4 1 __Tﬁﬂ"_ M . 3

1 e e b VR . I""—"—q;g_

| _'[m-ﬁﬂﬁﬂm | 0:885633 | 0.885747 () 885945 '
[1.4684). =T UOESIMS

[Ans. 0.886226)

gives the angle ©
ous values of time

ﬁ":’d is rotating in a plane. The tbliuwing table

i iﬂiﬂm" through which the rod has turned for vari

_cﬁn_t!:g:__ s I e
I?E---I' 0| 0.2 ! (.4 ! 06 | 08 | 16 T 1'7‘).'|
: 1B 0.12 ' 0.49 12 | 2007 erl
0| 0 : _ | L2 | 2.02 3.20 467
ain the value of O when r=0.5 [Ans. 0.8/

- Fom '[tu_ _!!_L:l_l]i_‘l-"..-.-i:l!;f:lt_!i_u L.tll.'.'Ll:i'Jl!_: the ‘-.-"JILI'L‘_! 1_':__:-.- w[}gn_}-_: 7R

= [ 100 | 150 | 200 | 250 [ 300 | 350 ["400 |

110.6313.03 | 15.04] 1681 18.42| 1990|2127

“  [Ans. I57]
~lculate the value of v when x = 105 for the following data using

ol ton's forward formula of interpolation [Ans. 8666]

==T80 | & | 90 | 95 |00

15026 | 5674 | 6362 | 7088 | 7854

e -

New
X
lII

JBACKWARD DIFFERENCES
e use another operi

wisdefined by

?:}'H = ¥n =¥n-1

sarn=0, 1,2, ... we gel
1'!_"_\'“ = _'l.“ — -Ill—l
= Y10

;0 On
AT and sc

":- 'I-"_-u = ¥

The second backward difference 15
3} VI
Viy, = V(Vy,)

=V Wa= 1/

= Vv - ‘;\'.IIIII. g |
N | I
LY I V-2
- At = ) - I||_
= I"rl L -
F" I- II'I—‘.EI
= Yy—=¥n-1 '

' l Jirfapance 15
S'mih’”}' the third backward differe

'i'-j‘_p" = vlj.-"" - v:_'#" -1

)
=g _1"'}'11-*-"
+¥n - 2~ On-17"5F
Uﬂ " .?-_Vn -1 R ﬂn[l 50 O

|+3yn-2"y""

Fn' 3}?" -

tor called the backward difference operator V
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w;mvem nd y

;ﬂ-l*.'ih’ IES
0.1 = 185

I.?+ﬂ' —I__g_f'_-j__";_.l_l=|'_5
n= L

1.5)(1.5-1
54739 +(1.5) (0.5757) + U0I=1 o ol

Hence ¥(1.85)=-

_1y(1.5=2 K.
, U2 (15200225 ,0063) 4 ne

. The
= 4739+1,5xﬂ,5?’57+ﬂ.3?5 «0.0606 -0.0625 vqp ) —
¢185 = 6.3598 ! y L
. 1 d & alx= | o)
: m the following data, fin _ | 4
o Fri' w | so | 60| 70 | 80 | 90 5 i
—% | 184 | 204 | 226 | 250 | 276 | 304 - E.
Solution : L-— ;._ _—
The difference rﬂlrf as follows. e - \ 2
[ x | y=f® | dH | Ay | A ‘I
_‘H}ET{_]I | 8-1' {_'L’ﬂ} | ATY
20 | || )
! 50 204 ("ﬁ'.vlf'l ) 2 | | —:i
(A%vp) | 0 w
‘ o0 226 22 [&SFD} ‘
| | ; i
0 | 250 | 24 ! 0 \
| 5 |
| | 2
TR k!l 304 | 28 |
Herexo=40, y,=184, h=10. = |

The Newton's forward interpolation formula is

y(43) =7 N
Xo+nh =43

4O+n (10) =43
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