Empirical Laws and Curve
Fittings

1.1. Introduction

In practuical life and also in Engineering and Science, we come 2Cross
experiments which involve two quantities. An anxiety arises in us Lo know
the relationship which connects the rwo quantities. For example. we
measure the heights and weights of students in our class and represent
those values by x, and y, i =1, 2, ..., n (assume there are n students). Now,
we would like to know whether there is any relation between x and y. This
relation. when written as an equation y=f(x), is called an emperical
equation. Many times we may not be able to get an exacl relation but we
may get only an approximate curve. This approximating curve is an
empirical equation and the method of finding such an approximating
curve is called curve fitting. The constants occuring in the equation of the
approximating curve can be found by various methods. 1T (x, y)),
i=1,2,...n are the n paired data which are plotted on the graph sheet, 11
is possible to draw a number of smooth curves passing through the points.
So, the approximaling curve is not unique.

1.2, The linear law

Suppose that the relationship between the variables x and v 1s linear.

Assume it to be y=ax+b A1)

That is. if the points (x,, y,) are plotted in the graph-sheet, they should

lie on a straight line. “a’ is the slope of the straight and b is the y-intercept.
Taking any two points (x,,¥;) and (x5 ¥;) which are apar, slope of the

Y ¥

straight line a = - b can be found by knowing the v-intercept or by

X=X
substituting any point on the line. Substituting a and b in (1. we get the
strarght line required.

1.3. Laws reducible to lincar law
(1) Law of the pattern vy =ax” where a and n are constants.

Let y = ax" be the law,

A
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3. In practice, we shall divide the data into two groups so that both
contain the same number of points.
4. The equstions gol is only an approximate fit to the data given.
Example 2. Find a siraight line fit of the form y=a+bx, by the
method of group averages for the following data .
r 0 5 10 15 20 25
v /12 15 7 22 24 30 (M.K.U., 1973)

Solution. Let us divide the data into two groups each containing
three sets of data.

Group | : x ¥ Group I1 : x ¥
0 12 15 22
5 15 20 24 |
10 17 25 _:i
Sum : s Ery 60 76
_ 15 _ 44
"'=_._'i-=5.' 1|=T—14r6&66
52820 5.=Lo253333
—t-_ - 3 - A-u . Ja= 3 - -
Substituting the average values X in y=a+ bx, we gel
a+ 5b = 146666 1)
a+ 20h=253333 .{2)
(2) - (1) gives, 15b= 106667
" b=071111

a=146666-5(0T111N=11-11105
Hence, the straight is y= 1111105+ 07111 1 x

Aliter: The required equation is l.hi:. str:}ighl line joining the points
(5, 14.6666) and (20, 25-3333). Iis equation 1,
y— 146666 _ 253333 - 146666 _ 106667 _ 071111
R 20-5 15
ie., y = 146666+ 071111 x=5x(071111)
y = 071111 x+11-11105
Example 3. ’J':Jrr Jollowing table gives corresponding values of x and
y. Obtain an equation of the form y = ax + by,
x . (-1 20 32 4.0 55 63
¥ 53 142 301 438 773 978
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- 4052
— -E - ———— — I3'5066
X, = l-r;—- = 52666, T2 3

701 135066-7-11 _ 63966 _ 5 0360
Y-21 _ 52666-21 ~ 31666
Y = 7114 202X = 2:02x 21

Le., ,
¥ = 202X +2-868 )
> = 200 +23868

ie., y= 2-{}1{1+2-35&l’ is the required equation,

(Here a=2.868, b=20)

Example 4. The following numbers relate 1o th ’ "

a triangular notch, " [0 fhe flow of el $
g 12 14 16 -8 20 2.4
: 4-.‘:‘. 61 &5 115 14.9 235

If the law is O = CH", find Cand n

th 3
Solution. Q= Cr by the method of group average :

log,q Q= log,,C + n log,, H

Y=a+nx where IﬂgluQ=}'

Group | logiyH=x and a= logyy C

t=log {, . G
0 [nglan; yu-f::ios@ x ;;:]ug;::ug y = logiol
0 ‘o
S S 7 S
um ; 294 ' I-1
042493 “'E”:T‘-g-— 0-3802 37107
7, = 042493 3800 —%0a1 L3
X = —3 93651 60496
x, = 293651 ' T3 = 077933
3= 0y, S 360496
2= 7522 < 120165
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wﬂ P‘lﬂl ﬂ! Pﬂllﬂ ,') by Pp irt 'I 2’“:..'
x=x, meets the siraight linc al 0,i=1 2.0
At a=x, P M=y and O, M=a+ bz,

al k=X
P M, =y, = observed value of ¥ al |

Q,M=a+ by, = expected value of y al T=X,
d=0 P=M, P-MQ =" (a+ bx) which is the diﬂﬂfl‘lc: ’

ween the observed valve ¥ and the expected value of y js Calleg ';

' ilive or negati
residual at x =x,. In general, d,'s may be pos galive,

Principle: The method of group aversges is hi:.SEd on the Priﬂc[m:
(assumption) that the sum of the residuals at all points is Zepg.

I€. Ed'.=ﬂ .luf
Since we require two equations to find two unknowns a ang p
divide the given data into twa groups, first one containing ¥ sets of v ' e
and the other containing (n—7Y) sets of values. We apply the principl
Ed, =0 for cach group. Hence :

T n
S ly-(a+b)]=0  and Y [y-(a+bx)]=0

i=] i=r+l
T n n
E ¥ = E (a+ bx) and E = z (a+ bx)
| | r+1 r+
(A | " n
Le., Tﬂ+bZ:;=z_v4 and (n-y)a+h ZI,=Z}'J
! 1 r+l e+
T T
E’-’i E}'t l
H e, I— = ! ;-.J
ence a+b " . A3
" n
}:.1; EJ] H
and a +btl— = I+1 H('ﬂ
_ (n=r)  (n-r)
Tll'“—“' a+ h-t| =§| and a+ bEI =}: '{5]
where 1., 3,

are the averages of x's and ¥'s of the first group and T N2 4
the averages of v's ang ¥'s of the se

Equations (5) dete
the relation y=g 4 by

ways. This is

_ cond group. ]
mine @ and b and using these values in (1) we g¢!

nol unique since the grouping can be done in 48
an Important defect of this method.

Scanned by CamScanner



“The equations are
077933=a+n (0:14164)
1:20165=a+n (0-31217)
n(0-31217-014164) = 120165 - 0:77933
017053 n=042232
n=2.47651
a=077933-2-47651 x 014164 = 0-428557
Hence  C=10"= 10" = 2.68261

Law is  Q=268261 H' """
Example 5. Using the following table, fit a curve of the form
}-=a.r*'. Find a and b and find the formula by the method of group

averages.
K & 10 20 30 40 50 60 70 80
y : 106 133 152 168 18 191 201 2l
(M.K.U.)
Solution. logy=Iloga+blogx
Let Y=log,y. A=loga X=logpr
We get Y=A+bx L)
Divide into two groups each containing 4 data.
Group | Group Il
X Y X Y
1-0 00253 16990 02577
1:3010 01239 117782 02810
1-4771 01818 1-8451 03032
1.6020 0-22531 1-9031 03243
Sum : 5-3801 0 5563 7-2254 I-1662
-  5-3801 - _ 05563 _
X\ ==7% = 113450, ¥, = —,— = 0-1391
— I = 166
X, = ”:5"' = 18064, T, = ’—];1—3 = 02916

. 01391 = A+ b (1:3450)
02916 = A+ b (1-8064)
b (1:3350 — 1-8064) = 0-1391-02916
01525 _
b= ozys = 03305
A = 01391 -03305x 13450 = —0-3054

a = 107°°%% = 0.4950 . y = 0495x" %

Example 6. Convert the equation y= to a linear form and

x(x—a)
hence determine a and b. Which will best fit the following data :
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x,ﬂﬂvﬁgﬁ
m&s;amz?sgs
>  %=07388 (correct to 4

ﬂl! positive of x'—x' =28

=\ *, ] Nk
(x fﬂ' -.-.x!-lrz—ﬁx—-ll'
site in sign since f(2) =—ve

btwunnzmd:i
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¥ Hm In,=l'_2 ;_3 — 25

8(25)=(25)"-4(25) -9=-ve
Therefore, the root lies between 2-5 and 3.
Hence, = 5- (25+3)=275

CRE R

M2-T75)=+ve
The root lies between 2-5 and 2-75

v, =1(2:54275)=2625

$(2-625) = (2:625)" - 4(2-625) - 9=—14121 =—ve

The root lies between 2625 and 2-75.

Xy =1 (2625 +275)=2:6875

o(2-6R75)=—ve
The root lies between 2-6875 and 2 713

v, =+ (26875 +2.75) = 271875

&(2-T1875)=+ve
The root lies between 2.6875 and 271875
L (7.6875+271875) =2 703125

Uy

2.703125)" - 42:703125) - =—ve

&(2:703125) =
2703125 and 2 T1875.

The root lies between

o =1(2703125+271875)=2.710938

Proceeding in the same Way,
. =2-707031, x3= 2.705078, x, =2:706054,
L0 = ET“ﬁS*—l. X =7 T[}ﬁlﬂi?. Ir: = 2:“:‘64 IH.
k=2 T0648, x14= 270651 etc.
We can conclude the root to be 2-7065 for ¢(x)=0
Hence the negative rool of the given equation is = 2:7065.
3.2. Iteration method (or Method of successive approximations)

Suppose we wanl the approximate roots of the equation

f(x)=0
on (1) in the form ' |

g0 X=HR)

Now, write the equat
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fﬂuzs;.h@-hnn Rt
The root lies between fﬂib"‘;ﬂ%"g& b s

Xip -1-9425
f(29425)=~ve ""*‘ TEabY M!l
The root fes between Z9425-aid 294351341 18
I” - zaﬂw -
f{z'wm}=+w AT N |
X3 =294275
x;3=2-942875 w .r“,. sach

Approximate root is 2:9429.
Example 3. Find the positive root of x=cosx=0 b
method. -._ i -
Solution. Let flx)=x=cosx - 'ﬁ :
f{ﬂ}:-_",c', f{ﬂ.ﬂ=ﬁ5_m _‘
f(1)=1-cos 1 =045970
' 0-5 and I ke
Hence, the root lies between

e 05; 1 =_0?5
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1.194

'3'2.& - =

P

B
e 19247 and 1.3
, ies between |- and 1-3248
_#' mm o III=IE “324? * |3243} = [,;' ;
" Therefore, the approximate root Is 1:32475 '
(This is not correct to 5 decimal places),
2. Assuming that a root of x' - gey g%
interval (2, 4), find that root by bisection method, |
Solution. Let  f(x)=x'—9x+ |

f@R)=-ve and f(4) =+ ve
Therefore, a root lies between 2 and 4

2+4
Let Xy = =}
f 2
Now f(3)=+ve; hence the root lies between 2 :.i:
- I 2 +. 1 -

FE)=£(25) =~ ve

1 The root lies between 2.5 and 3
_25+3
‘1 — —‘——‘—?—-— =275
f{:?ﬁ} =~ g

The ool |je

|
Ay ==
3 ]f_

15+3)=2875

fx) =
Ore, the I {"H} fl:zlg?ﬁj = - e

00t jpe
t lieg Petweep 2:875 and 3

-l
=3(2875 4 3) = 2.0375

| <9375 and 3
*=3029375 3) = 2.9688.

The roo tiut 2

Mot - tve
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[By Taylor's clplﬂhil
2
f(a)
f (o) + E,,,f'{uhg"—-z-—-—
@5, @
|Omitting denvatives of order higl'n:r than twol

t. fﬂ‘u}

-

g, f(@)+& f (a) - fla)-§, f'(a)-

fila)+&, f"(a)

Pt | ===

ﬁ fr(a)

= @) [ f(ax) = 0 since @ is a root of fix)=0]
f'la) + &, a

2 P
e ()

= ' afﬂuq
2 f(a)| 1+ ()

3 ['”HLJ .

= 2f°(t)

E neglect it]
[ - -:r-—l—{"il‘ 15 @ very small quantity and therefore we nNEg

f ()
: 1 /(@)
= ,Q-L'j_‘;‘.“htfl't.‘k"! f““

¢ subsequent error is proportional to the

which shows that in each step, th h the convergence is quadratic or its

Wuare of the previous error and as suc

wrder of convergence is tWo. 4 =
U Condition for convergence of Newton Raph meothod

Newton's formula is

f (xg)
..'l.'“ 1 = .l” = f‘i.t",}
= ¢ (x,)
.t" & I = ¢ l.lln.} m
"'hitl'l is similar to the iteration MRS ¢ method, Newton =

ce of iterativ
:-'.‘I " in analogy to the convergen

method converges when,
[ (x)| < 1.
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laces)

~imal

(A

-

= = 0in (A), we pet

F L
ey .
- Bl = AND E]

— fl-‘fn}
=X =13 ESZE
fr':'t{]} S f'il}
= 2_[@4_:;_;1_[1 a
42 — | = 1—[—4——5-——1
_ A il
= 2731 < 2-0.1290
put n =110 (A) , We get
X9 = X ~-————ﬂx'}
l fr(_r_l]
- 1.871
= 1.871-
I (1.871)
- |_87|_[{1-371]“—|.ET|—I[}
a(1.871P -1
_ (0.3835
= 1-871-35799
= 1-871-0-0152
= 1.8557
x; = L.B56 (correct 3 decimal places)
Putn=2in {A) we get,
B S (x3)
I] - -rz_‘ jﬂ {IE}
1.856

= 1.856=""7 () 856)

|.856) — l.ssm—m]
'-35‘5‘[ 4 (1856 -

0.010
= 185634574

= ] . 856 — 0- 000406

"

o -:55655 (correct 10 3 decimal places)
Xy = 1.
Here Xy = X35 1.856
The root is 1-856
Table 5
]urﬂliun Ir n'aﬂs |
: e 0.010
2 1.856 0,010
3 1.856

Al

|
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=1in(A), we get
- Y Sf(x))
2TAT ()
(0.67Y -6(0.67 +4
- ”'”'[ 1(0.67): :EL‘*]
0.28
0-67-370.449) ¢
028 0
=0-67-T347=% - 067223
0-67+0-060
II ua?a
Put n=2in (A) we get,

JOq) 0.73
R [(x) 0-73 - f (0.73)

:
- 0.73 _[ﬂlﬂl 6 (0.73) +4]

3(0.732 -6

= 0.73 . ——2.009 0.009

3“].533}-—& - n'?3-—'__a:'4-u-r
= 0-73+0-00204 = 9.793;

X3= 073 (correct two decimal pla
Here i = .t‘_j‘ = [I.?S
The root is . 73

S lxp)
0.28
0.009

| [
Since L-"[l.'l| < If{l}f

le!' -'tn =, 8 rogp is nearer 102
Newton's formuly
Ters g, L0y A
I x,)
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= 0.2586 - (0:2586) - 2(0.2586) + 0.5
3(0.2586)2 - 2

] xy = 0.2586
d jg fence the smallest positive root is 02586,
Table
™ lteration Xy | fix,)
1 0.25 0.0156
iPhsoy 2 0.2586 0.0000936
3 0.2586 0.0000936
mff.?.' [.".ﬂ!.l‘lg Newton's iterative m“ﬁﬂdﬂﬂd the root between 0 and |
of x? = 6x — 4 correct to two decimal places.  [A.U. May 2000/
Solution :
Let f(x)= x*-6x+4 ; f(x) =3x2-6
Now f(0O)= 0-0+4=4=+ve
=0 | f(H= (1P¥-6(1)+4
t_nxt: :I.ﬁ-;__i:_'l:lve
imitial Hence the roots lies between 0 and 1.
Here l7(0)| = 4
f(l =1
' i i to |.
) Since lF(1)] < 1f(0)], the required root is nearer to
Newton's formula is
root. fx,) A
. = "
"'ﬂ +1 = "H‘ )(: {—Iu}
Tlhxn =],
Patn=0in (A), we get
o8 frg) g L0
= xg- : {(3)
.'I.'l il f; I‘:Iu}
1y =6 (1 + 4
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Hence the condition for convergence of Newtop.k

I - (o

Lf ()P
[fe)-fr @] < [fP

This is the condition for convergence of

lt
< |

method.

Example I: Find the smallest positive root of the equation x* — 3y 4 ps
Given f(x) = ¥-2x+05. Fx) =
Now F(D) = 0.5 (+ve)

f(l) = 0.5 (~ve)

Hence the root lies between 0 and 1. Since the value of fis
very close 1o zero than the value of f(x) at x = |. we
Is very close to (. Therefore we can assume that x5 = st
approximation Lo the root. i
Newton's-Raphson formula js

fix,)
S (xy)
Putting n = 0 in (1), we get the fi

In+] = X, -

rst approximation x; 10
flxg) 0.5

Lf{-i’ﬂ]‘ ~ 9 3
‘ 1 = 0.25
Putting n = | jp (| o we gey

givcn bj" .Ti — _t'u

the second approximation 4®

givmh}- Jz = [ - .ﬂ‘-"ulj
f'{a[!}
= 025 0.25)3 — 2(0.25) + 0.5
3(0.25)2 -2
= (), = U.“]Sf]
: B-T18i25 = 0.2586
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(or)

. A2
Similarly.

fix,) U

Inel = Tn- fix,)
- . we can obtain x . -
if we starl with a glen value A0 w I 'III IJ‘. |

T - equal and equal to s then ¢ js ..
If any two conseculive values are €q gn!ﬁ

roats of f{x)=0.
NOTE: . ’ . ; d
; n the slope is very large s,

1. When f'{x) is very large Le., Wie ' 5 | n
value of the root can be found with great rapidity and very little lapgy n
case the graph of f (x) = 0 is nearly vertical where it crosses the ~axit

2. The process will evidently fail if f/(x) = 0 in the ne:ghbanrhaﬂ!-,‘r"
roof, In such cases the Regula falsi method should be used. N

3. If we choose the initial approximation xg close o the root then we gadf
root of the equation very guickly. -,

4. If the initial approximation, to the root is not given then we can findu

twa values of x say a and b such that f (a) and f (b) are of opposite ﬂgmll
If fa)| < | f tB)| then ‘' is taken as the first approximation to the root
3. Newton's—Raphson method

is also referred to as the method of tanget
O Rate of convergence of Newton’s method |
Let « be the exac( vilue of the root

a small quantity by which x, di

In general,

of the equation f (x) =0 andg}
ffers from o,

T = O+E “;ﬁ
sothat x, . = C+E L K
By Newton's formula we have
ey = T "?f-%l} "I.E
. il
USII'IE ”} and (2} i]'j (S]I Wwe get
G+E o= Qg _ (x4
f'la +E,)
'ﬁ!l-i-l = §n--{:r'fi:-—§-"'.}_
f(y +E,)

which sho
Square of the
order of cony
Conditic

Newton's
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EIGENVALUE PROBLEMS
E-;I.;‘m” Method (or) Newton’s — Raphson Method

[n 17" century Newton discovered a method for estimating a solution
o root of an algebraic equation by defining a sequence of numbers that

hecome successively closer and closer to the root sought. His method is
b.gsliﬂl.lﬁ"‘:l.‘ltﬂd graphically.

Let s be the actual root of the equation f (x) = 0, Draw the graph of the
curve v = [ (x) as shown in fig. Let a number x, be chosen arbitrarily. We

ihen locate the point (xg, f (xp)) on the curve and draw the tangent line 10
the curve at that point meeting the x-axis at x;. x; is the first
spproximation 1o s. We locate the point (x, f (x))) on the curve and draw

he tangent line to the curve at that point. Let this tangent line meet the
-axis al x5. X5 is the second approximation 10 5. We then repeat the

ess 1o arrive as closely as possible to 5. Now we will derive the
formula to arrive at xg, Xy, X2, -+, CIC.

]

\ v = fxd

\
l..'\Dl.
A [sp v/

B x fiixyd)

Ll

| ' o (3 O
of the tangent line al the point {.r.-ﬂ.‘j (xo)) is [ (xg)s (xy )
. < on this tangent lin€.

0 - f{I{]}

a . e —

*. Slope of the tangent line 18~y —xp »
o ipining the two poin
[+ - the slope of the line joining vk

(xys ¥i) and (xp. J"l} IS X=X

The slope
and (Xg» fl.'l.'u]} are the two point

|

~f(xa)
filxg) = x;-%
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rical Algebraic and..

" Solution. Let f(x)=x-2t—5=0 i
f@)y==l==ve; f(3)=16=+ve
The root lies between 2 and 3 and closer t0 2, f(x) = 0 can be written as

g
X=2+5; e, x=(2u+5) =)

p 2 I
(=% ——r
¢ 3 (x+ 57
| ¢'tx) | <1 for all x in (2, 3).
Take x,=20
X, = (2 +5)7 =97 = 2.0801
X, =(9-1602)'2 =2.0924 ; x,=(9-1848)" = 2.0942
x,=(9-1884)"3 =2.0945 ; x=(9-1890)""" = 20945
Therefore the root is 2-0945.

Example 6. Find a positive root of 3x- VI + sinx =0 by iteration
method.

Solution. Writing the given equation as

Iur_.T.__ = - cos X
=— | +sinx =&x). ¢'(x)=
g 3 6Vl 4 sinx

The root of given equation lies in (0, 1)
since f(0)=—ve and f(l)=+ve
In 0, 1), o)< forallx
So, we can use iteralion rr}i:lthod.

I - ik
Taking x,=04, x; =3' V1 +sin (04) =039291

5=+ VT +5in (039291) =039199

X =-:]j'—"4rl_+sin (0:39199) = 039187

0= 039 185
x= 039185

The root is (-39185.

[ false position)
3.3, Regula Falsi method (or the method o |
il —0 and let f(a) and f(b) be of opposile

' = will meet the z-axis al some point
L ? :]ba:;hﬁﬂi:r}ibj;} {[!t‘::} equation of the chord joining the
between A (a, f(a Pl fia=t®). v
two points A (a.f(a)) and B J®) is 75 = a-b

Consider the equation f(x)
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Hence, the root lies between | and 5

_1+15

Let = = 1:2500"

f{xg) =f(125) == 029688

Hence the root lics between [-25 and 1-5 ' (2)
1-:25+ 1-5
Now, X = —2-— = |-3750

F(1-3750)=0-22461 =+ ve
The root lies between 1-2500 and 1-3750.
1-2500+ |
: 3?5'.1= 13125 |

£(1:3125)=- 0051514
Therefore, root lies between 1.3750 and 13125

‘ i |
Now I‘=13125-:!-T5n=].3433

Flxy)=/(1-3438) =0 082832 =+ ve

The root lies between [-3125 and |-3438
1-:3125+ |-3438
Hence Xy = = = |-3282

fi |.3282) =1 ()1 4898
es between 1-3125 and 1-3282

xg=4 (1131254 1-3282) = 1-3204

Therefore the root h

£(1:3204) =~ (018340

The rool lies between [-3204 and 13282

Xg = %—{ 1.3204 + 1:3282)= 13243

f(l -324',}} = =€
Hence, the root lies between 1-3243 and 1-3282
6=3 (1:3243+13282)= 1-3263

f{1-3263} =+ Ve

The root lies between 1’

~ 1)

Iy =3
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% )
e

e |

14 B2 gL
Iz o

"‘"T_:‘ ~ .

229 _
"5 « New Pivot
/ ERED A
7 28 7 .
. I : sy a0 Ry and R, are interchanged
ey 0 'L'I;' T o move the pivot to the
Fof 0 281 160 top of new submatrix
ind 7 B 7
} =t &
(1 7 = T\‘ .
19 29 ol
o 1 7 17 B2 = R %119 |
20 281 160
s 5 2 7/
) i =1 8
it T 28 ?\1
19 229 20
1457 2020
0 0 56 117/
fpé: Delete first two rows and two columns. Perform step 5 on the
ol resulting matrix.
8 1 -1 8
(v 5 % 3
19 229
0 1 | 7
1457 2020 New Pivot
L] = — [NEW
| \ 15 11’
N TS T
| . 156
0 12 == Ry —= R3 X457
L7 17
oy \o o I 1.8485
g * Use back - substitution to find the solution to the system.
z = |.8485
19 229
Vi £ 5 17
= % _% « 1.848% = 1.50697
1 B

E450-28% = 3
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-2-3+6 = 1 n
hie ethod fails if the lement in the 10p of the

e in this case we can interchange the rows 5o q -

zero. Therefore
element in the top of the first column. .
Not I-memmnﬂrdfn ‘*""Hﬂ'f”"{"'ofx.;.;_ .
order, :'lﬂl we can choose at each stage the numerically
the .:ldr! coefficient matrix. This requires an interchange qf'_ .
a:!r;nn interchange of the position of the variables.
Example 2:  Solve the system of equarions
We+ dy- 1= 3
x+ iz = 24
2c+ 1Tp+ 47 =35
using Gauss efimination method. [Nov. 90 Civil, Ap ,IE-_-_:_

Solution :
Step | : Write the given sysiem in augmented matrix form,

98 4 =] 32
[ 1 3 10 24 '
217 4 35

Step 2 : From the first column with non-zero componenis (called '
column) select the component with the largest absolules
This component is called the pivot.

pivot—» [ 28 4 -1 32)
1 3 10 24
217 4 35)
Step 3 : Make the pivot as | by dividing the first row by the pivot
L . B

I

i 3 To 24 Ry —>R;+28

2 17 4 35

Step 4 :  Add multiples of the first row to the other rows 10
other components in the pivot column equal to zero.

| :',- = IR
28 7
0 E_;! 281 160 Rz—-le'Ri,
1

R] —¥ R],""R

]
P
[
-

%
n un
i3 T

L
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’ 4 y -
N G

0 0 7 §)NSESa.
.iuukwwﬂmﬁmwﬁndugmmﬁhl :
Here g =3

J'-]_-;{z)= :_I‘il
By-7z= -47
By-7) = -47
13y = -47+21
13y = -26
yi=i-2
A 23
2=FITNT I
I&t—2}+3x.~ 23
10x-2(2)+33)= 23

0x+4+9= 23
0x= 23-13
10x= 10
r = 1

N I=11y=—21z=3
Checking :
2r + 10y =32
2()+10(-2)-50
i 2-20-15
. ; -33 [AU. Apr- ‘93]
“Wled: Gauss — elimination method -
x+y-2 =3
2-8y+2 = =5

.. Write the given Wm“‘“f;‘l ¥
--l ’
| | g 4 ﬂ . J

S S

bede
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wIwWC ot
'999] =5
. In the fifth iteration we get |
x=2001, y=1.999

P L= 2
Sixth lteration
Putting y = 999, 2=2 in (4) we gey
|
¢ = 200999 g 0

Putting x=2:001, z=2 in(5) we get

|
y = ?I[ﬂ—?‘ﬂﬂ! +2] = 1999
Putting x = 2:001, y = 1999 in (6) we get
l
| Z = ‘3_[20—-2*{}[11—-1-999}:2
* In the sixth iteration we gel
x=249001, y= 14993, z=2

X+y+8: = 20
2:001 +1:999 + 8 (2) = 20
Example3:  Solve the Jollowing system of equations
Ix—-y+; = 3 A
Ix+6y+2; = 0,
Ix++7; = 4
using Gauss - Seidel iteration method,

Solution :
The given system is
x-y+z= g
3x + ﬁy + V> = "
Ir+ y+Tx= 4

Clearl i -
arly the cocfficien matrix [3 6 2| is diagonally &

Hence we can g 3 37
PPly Gauss — g.: ! o oy
From (1), (2) and (3) we ;:t!del method without any diffico!?

|
— 3‘(]-]-.}“..:)
] 1

1
{5 T [@d-3x-¥)

il
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L LONE L T

Y = i '| TGO} we
# ol

= 1202375 Logg o
- cecond iteration we get J -_
x = 2:375, ¥ =190s, 2= 14965

. |T-'|i r Lol

:thzmﬁ z= 1965 in {S}Wﬂgﬂ
y = 5 < [10 - 2ﬂ56+|965] = |982
pging x = 2056, v = 1-982 in (6) we gey
|
: = "8_ [20 - 2:056 - 1-982] = 1-995

. Inthe third iteration we get
x = 24056, y = 1982, 7 = 1995

[oarth lteration
Putingy = 1-982 , z=1-995 in (4) we get

x = %IM-ZHQEZ]*I-WSI = 2010
Mtingx=2:010, z = 1995 in (5) we get

y = %[10-1-010+ 1:995) = 1:997
Ning x= 2.010, y = 1.997 in (6) we get

= %IEO—Z-()]GJ-WT]H-W‘?

“tbe fourth iteration we get

x=2010, y=1997, =199
e B

SYS1997 | 2= 1.999 in (4) we get

X =-[14 2 (1-997) - 1-999] = 2001

=2001, 7= 1999 in (5) we get :
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. s-:; g h i ffan - mch
C oo l15-2(-1552)

=0724
- Afier sixth iteration we get
x = - 1552, y=0724

Checking :
A — 2_11 = =3

—1-552-2(0-724) = -3
:  Solve the system of equations 4x + 2 -
Example 2 xy+8z= ;:;? using Gauss — Seidel Irerj.;;:ﬂi m::a: X4 B,
Solution : od
The given system is
dx+2y+z= 14
.T+5_'I-'—.T = 10 |
x+y+8:2=20 |

4 2 1 |
Clearly the coefTicient matrix [I 5 -!] is di :
| 1 8 tagonally dopy,

Hence we can apply Gauss — Seidel method without any difficuly
From (1), (2) and (3) we get :

1

r= 7 (l4-2y-y) .
1

y= g5 (10-x+y) N
1

z= ?[Zﬂ—x-y) ol

First Iteration »

Putting y=0, z=0in (4) we gel, x = %‘ =33
Putting x=3.5, z=01in (5) we gel

y= ‘;— [10-35+0] = 13
Pulting x=35,y=1-3 jp (6) we get
2 =-é— [20-35- 1.3] = MECARE
= In the first iteration we get
r=35,y=13, =19
Second Iteration

Puttingy=13, z=1-9 in(4) we get
|

x = 3 H4-2(1-3)- 1.9) = 2375
o
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AP e vy = U8 -

, = 084 in (3) we el
wﬂi"s .I __3+ 2(084) = - |.32
I.I" ~ 1:32in (4) we pet

r;HTr'E |
11522 132)] = 07056

.}‘F

Mﬁﬂnd ileration we gel
M —132 , y=07056

@ﬂ(ﬂﬂl‘-’ﬂ

. = 0-7056 in (3) we get

Y

M 3.42(0-7056) = — 1:589

r=-

ning X5 = 1:589 in (4) we get
L5 - 0
T [15-2 (- 1589)] = (+727

. lnthe third jteration we gel
T = —1589 , y=0727

Fourth Iteration
ﬁﬂ in (3) we get

r= -3+2(0727) = - |-5406
Pling x= - [-546 in (4) we get
y= —251_[15-2[— 1-546)] = 0-724

* Inthe fourth iteration we g€l
r = -1546 , y =0-724

Prting y = (-724 in (3) we g8l
_142(0724) = - 11552

Piing x= - 1-552 in (4) we B¢

] = ﬂ'?24
- L (15_2(~1552)]
y= 353 [15-2(

Inthe fifth iteration we get
x=-1:552, y=0724

&b lieration

g y= (724 in (3) we E°!
x= —342(0:724)

= - ]-552

| M —
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S R "_a T s I?-.I-'—-' “'-H"-w“.. ” .
?Hf.; ""':? ;..._1. that the cn:_‘ﬁlf-rb‘:rrﬁu:i:nf we M-,EE‘.!
wations im S ! Gauyss - Seidal method, "“hn.n
l'!l.l.pr~t:“"-'ll-r'MIﬂr.lﬂ?lll:l.-.'I [ 8 -1 2 j,q
jent matrix 6 32
£x. 1: The coefleien 41 -:J €an e
: 8 .
dominant by interchanging second and third rows ﬂ![ 4 l:: _j]
i 3
E g. 2: Consider the system of equations 12
xy+Tap-xy = 3
Sxy+Xp+xy =9
_lr|+1tz+?,t] = |7
[ 1 7 -l
The coefficient matrix| 5 | 1| isnotdia
But the given system can be rearranged like
Tra+xy-x3 =3
Xa+5x+xy = 9
1!3-*3.!'+?I_1r = 17
7T 1 -l
Now the cocfficient matrix | | 5 1| is diagonally dominas §
2-3 1

solvad the solution appear in the order x;, x| and xy.
Example | :  Solve by Gauss — Seidel method

X=2y = -3
2¢ + 25p=15 [AL. Mg
Sofution :
The given system s
x-2y= -3 -
+25p = 15 -
From (1) and (2] we gef,
x= -3+
1
Y= 35 [15 - 2x]

First It ratlon -
Pu[!ing v=0in
. ) (3) We pet v =
Putting x = -3 in (4) wc-‘.;; r=-3
|
V= 5=
T 5243 - g

k] |
L 4
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AND EIGENVALUE PROBLENS
358

|

L

gmenable 10 an iterativ
¢
a in the form process in which the
| - y =i L
L (C a2z P PR S Rk R [ )
q =4 i i (1)
A4 I gy~ A2 T T
! 1 £ an {CI e = ﬂ:ﬂ"':n; . IZ}
I
_—(C ~ay ¥~ @2 ~a
n - 93 3 ') v (3) .
| |
. j ) ) }
0015 W ® E;[Cn ay X1~ 22 —ay g1 *n-1) - iy |
132 s let US assume that x2 =3~ = e =X, = 0in (1) and find 5. '
o putting X1” for x; and X3 =54= - = x, =0in(2) we gel the
n!ﬂ!fﬂ”~ and let it be x32°- Putting ©)° far xy and x,* for xa and x3 = X4
1, =0 in (3) we get the value for x3 and lat it be x3*. In this w3y || L
r,-.d the first app ximale values for ¥, 42+ Xye Gimilarly we
mﬁ.ﬁ the belter appruxlmaln: value of Xxjs X2 == x, by using the ||
glyion
]'I"' E -ﬂ'_|'I [Cl - ﬂ'l-\.l'ﬂ H|3.l’3 ...... - ﬂlrrtﬂ}
39 L e x2)
j: ] ﬂﬂ [C:-—“':IJ.'I'-‘ﬂzj,t;".”n- ﬂ.l"'ﬂ'
Y0003 1
S _ayxt @ - a3t
W= : (Cyy— an ¥l = ”u}f}!- Y X N =@y n-1 An- l']
stems of
;::.1 This method is very useful Wi les rk fo " gi;ﬂ;ﬂ‘: |
> whose augmented matrix have @ large number of er0 € © alie ,
e 2 ; We say a malrix IS dm_l;ﬂﬂﬂ”.i’ dominaty i M::Lj: lrr!ur sum |
Seng r:r: i‘fﬂ‘ﬂﬂ'f element in each row ceater thal or €9 |
values of the other elements i maf row- i
R s 1 -/ :
OF example the mn-!‘rir[ ] 4 2] eriagam!fydﬂmrndnt
1 -2 5 h
Bur oh, s 1 -l PO, the leadinE
ng e ( 5 2 3) is not, since in 1he seeo pis 1
ele -2 5 er M0 elem®
— -JE Bl i than the sum f th oth
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= k-
pES '

|
Yy = Ef‘-lﬂ—alz +:1)

:3 = Eﬁ [25 - 11':_[ + 3}'11

Flulﬁng :2 — l.ﬂz. "I-rz = «-[}_9[15, Iz = L'US Wwe E
. cl,

1
X3 =3p [I?+U.9ﬁ5+2{1,{]3}

3 Ill]i:

o
=

1
s =30 [-18=3(L02) + 1
-.h}

% =20 (25-20100 43 (g5, '
Ly

Fourth approximation

|
Xy = E{]?—_‘.'3+2:3J
Vg = E(—IB—S.':J+.:3]

I
| 24 =2—[J‘(25—2.r]+3}'3}
Putting x; = 100125, y, = =L001S, z3=1,0032 we pet

1
4= 20 117+ 1.0015 + 2 (1.0032)) = 101
1
¥4 = 30 [-18-3(1.00125) + 1.0032) = - 10¢

e |
“ = 30 125~2(1.00125) + 3 (-1.0015)

=0.99965

From 3™ =
and 4 8pproximation, we get

x =
9 GAuss - SEIDEL

Uthe given SYstem of equations be

X +a
| 29 tax +ax, = C

DXy +a +
G 29+ ayiey 4 ctayx, = G
3IE +ayyn, 4 33Xy +

+
-
L
+
"
0
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- DT "] B3XK"
— SIS + ¥ Ny
= I.:' [ 5

. el T

- x = 09936; y=15070, 2= 1.8485
: Wr+dy-z= 12

28 (0.9936) + 4 (1.5070) - 1.8425 = 32.0063
Example 3 : Solve the system of equations by Gauss ~ elimjn
1ox-2y+3:= 23 ks

e+ 10y -5z = =33 )

Ix—dy+ 10z = 4] y

Solution : . ‘
Step 1:  Write the given system of equations in augmented

10 -2 3 23
[ 2 10 -5 -33]
3 -4 10 41
Step 2 RI—FRI-I-“]

-1 3 23
'-35 70 10
2 10 -5 -33
3 -4 10 41l
Step3: Ry—>Ry-2R;, Ry—Ry-3R,
, =L 3 2 i
5 10 10
o 3 28 -I88
5 5 5
o = 9 34i
5 10 10
3
10 10
-1 47 ,
13 13
91 341
10
3
10
=l
13
189
26
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 New Pivor

T R,]Illdlilm -
3 0 move the pj I
Vol to the
=]
05 0 -1) of new submagriy g
-2
Bt 1 2
. S =
0 llﬁ = R.}"diﬂdedby"-lm
0 5 0 -1 )  makethe pivot a5
="y
e 3
g1 2 3
I 11 =
0 =2 -12 R Ry+3 Ry
Dl
,”.'r'.' Delete first WO rows and first . |
the resulting matrix WO columns. Perform step 6 on |
T '
6 -3
0 | I
=2 =|2
0 o0 TR « New Pivol
L 3 1 2)
% -3 v e
L M Ry is divided by the new pivo.
O 0
91. | 0
Hen back substitution to find the solution to the system,
3 = 6
| 6
6 =
‘tl '“ J.']. = ﬁ |I
-3 6
A2 = 11 +ﬁ{ﬁ} =3
|

e
&y
+
oy
]
-

]

2 2
2+3 xy-x3 = 2+3(3) -6 = -2
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-r:m- e YR '-_,I:. ”;I...-: auss elimination,
: S ey ago. In this method B
mﬁrmdw;m.m aquivll?:syslm with uppe -.i.?-'r{g
matrix ie, a matrix in which all elements below the g
are zero which can be solved by back substitution, Thig .
clear from the following example.
Example I :  Solve the following sysiem by Gaussian eliminmp..

Xj=-ntxyy = 1 '
-ll'l+lt:-lf.] = =6

2, -Sx, tdyy = 5

Solution :
Step 1 : Write the given system in augmented matrix form,

L= s T T
3 2.3 | -6
TR e

Step 2 : From the first column with non-zero components (called|
column), select the component with the largest absolaf
This component is called the pivot.
R T I“‘l
Pivot» | -3 2 -3 | -6
> 5 4 | s)
Step 3 : Rearrange the rows to move the pivot element to the 1op)
column. Here we interchange the first and second row. =
Pivot »( =3 2 -3 | -6)

=11 | 1|Ry~
35 4 | 5,-|1R:

Step 4 : Make the pivot as |1, by dividing the first row by the pivok

Ly 1 | 2 R,
S Shwsig N —
En=dud )5 :

S & - 2
ep 5 : ::;‘d multiples of _lhl.: first row to the other rows to més
€r components in the pivot column equal to zero.

-2
et | 2
0 F 0 | - :2"31—31
=11 31— Ry-2R
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- Sohﬂnn. Let f&}=;‘uhx'4:'°l":‘n"' - o Sakp
FM=-2=—ve; fQ)=1=+ve, fO)=1=Fve
. @ root lies between 0 and 1 oy
Another root lies between | and 2

We shall find the root that lies between 0 and 1
Here a=0, b=

_af (D) ~bf(a) Oxf(l)=1xf(0) =1
B =f(a) 1Oy—f) ~ t=2a)
;-{r”:;(:‘a:%-%

=()333333

+ 1 =—0-2963

= o 1 . »
Now f(0) and f| < ]'.i]"r.‘ Opposite 1n sign
%

Hence the root lies berween O and 1/3

0.f : —=f(0)

Hence xy=—7——
fl = |=fF(0)

r,=— _Iﬁw_i =()25714
Now f(xy)=/f(025714)= - (1011558 =~
. The root lies between O and 025714
0 % f(0:25714) - 025714 (0)
£10-25714) - (D)
-[} 25714
- 1011558
f (%) =f(0-25420) == 00003742
. The root lies between 0 and 025420
0 x f(0-25420) - 0-25420 x £(0)
%= 7025420~ £(0)
*-'I'.}Zilﬂ[}
0003742~ 0 25410
£(x) =f(025410) =~ 0.000012936
The root lies between 0 and 025410

Ay =

=()25420
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ST ".'.'l w3 i .
. i
¥ I £l i 3
_Find an app l\w- € root of
=/ L < .‘*.r.

et f(x) =xlogpx =12
f)=-12=-ve;f(2)=2 ¢
f0)= 3xu4mz-1z..u
2 root lies between 2 and 3,
gﬁa} 3(2) _2x023136-3
1010 - 02313508 ,:,;_._-;_
._m,}=f(znln)--nnl?ln4 ‘
“The root lies between x; and 3.
_ 8 Xf3)=3Xxf(x)
T O -fx)
_2721014x 0231364-3%
) 023136+ 001

_ 068084

024846

J(x) =f(27402) = 27402 x log (2.7402) ~ 14
== 0-00038905

 The root lies between 2.740211 and 3

_ 27402 x f(3) - 3xf(274

f3)-£(27402) 5

_ 27402 x 023136+ 3 XM

0-23136 + 0-00038

(-
=J0514_, 540621

m-:l[?f?*ﬂ& = 000011998
lies between 2.740211 and 7
xy = 27402% /(27 t-.}-_i-__—;.

QTN

= 2740211
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1 v 1 - | ]
) - i

e I a-0 t
'E; _f(]-af@+ af (b) =~ af (a).
:g{a) -f()= bf (a) —af (b)
by - bfla

: 5= f(b)-f(@) . .
ives an approximate valug g
m value of X, g
0. (a<x<b) . |
(ﬂ;wfw and f{ﬂ} are of opposile s12ns Or f{'tll'z
s sio.
! Iff{r,s;;{d]f:t}. then x, lies between x, and a.
| af (x,) = x,f (a)

2= fx)-f(a)
In the same way, we gel t,, 1, .
This sequence X, Xy, Xy,.... will converge to the .!'._._
practice, we get x; and x,,, such that | v, —x | <e, i
accuracy.
) 331 Geometrical interpretation
f@) LA}TA{{::: ::;ii:'?.f{hﬂ are two points on y=f ‘
€ in sign, then the chord AB

:‘r- This x; 15 the approximate root of f(x)=0. Now ¢ (%
17 (e |
A

e T

Baed o i el ¥
k_.;rl :ﬁ_%‘ of oy --. . .-.I_;.._“ %ﬁftfm; -;I :-- i

e SR
| ]!
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'S
i

]

Rt Now
coximate) 2 =2

S bclwcfn ;
| the ran
aking the mid-pﬂml nll; n
scqur.:n:c of approximd b
the exacl raot. However. pe

process after some SICPS:

is slow but Sure. y

Ala,!(a)

b o - ————

2okl Now fa) i Mega
petween %o and "

f(-"‘*) T ncgﬁli"ﬂ: as in 1‘._.
Ll ' i

and X3 and |et I:.;,:-_z_‘
ge as the approxXimate roq:
s Age X1 X20 se |

nding on the precision required:
Though simple, the Cﬂl‘l\-’ﬂrggnc:_f‘

Xp+ Xy
ﬂﬂd S0 on

. whose limit of gae

Af

=]
1

N - )
©te: After n bisections, the length of the subinterval which con

b-a

—

" If the error js o

b-a

5 <t Thajs, 2 24

+ve, ang
s (1, 2) andeE"“'*"rnm J(y=_

IEE bu{w
Can ;)

f{]'f"}::u.:

L Fris

be made less than a small quant

The numpe
T of itergy r
"eTations n should be greater than — jof

"i :h’ Positive
Solutiy, Le - M methy

€en | and 2, We can [

B (h ' f[ |

E

log|

root ﬂf .rj—,f-_—l\' co

ve

o
@ W

orten the range.
5“‘-"‘--‘+'l.n|v'
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 The Solution of Numerica
Algebraic and Transcendental
Equations ,

. ey o llI"
TLE Y LU L

e

In the field of Science and Engineering, the solution of equations of
the form f(x) =0 occurs in many applications. If f(x) is a polynomial of
degree two or three or four, exact formulae are available. But, if f(x) is
4 transcendental function like a + be* + ¢ sin x + d log x etc., the solution 1§
not exact and we do not have formulae to get the solutions. When the
coefficients are numerical values, we can adopt various numerical
approximate methods to solve such algebraic and transcendental
equations. We will see below some methods of solving such numerical
equations. From the theory of equations, we recall 10 our memory the

following theorem:

If f(x) is continuous in the interval (a, by and if f(a) and f(b) are of

opposite signs, then the equation f(x)= 0 will have atleast one real root

hetween a and b.
1.1.1. The Bisection method (or BOLZANO's method)

tor Interval halving method) ‘

AIM: Suppose we have an cquation of the form f(x)=0 whose
solution in the range (a, b) is to be searched. We also assume that f(x) is
continuous and it can be algebraic or transcendental. If f(a) and f(b) are
of opposite signs, atleast one real root between and b should exist. For
convenience, let [ (a) be positive and [ (b) be ncgotive. Then atleast one

root exists between a and b. As a first approximation, we assume that root
AR 71 !'l b

1o bg:n-sg-—;—é (mid point of the ends of the range), Now, Qnﬁ sigr
e BN I.I ; ) .. E i e IM. ‘I liﬂ! Ty

:'-_ . - TR
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EXERCISE 1.1

1. Find the relation of the form y =%+b from the data using the g

- 195 246 k J44
B o 67 63 596 58

2, Find the relation of the form y=a+é given
x

e 168 315 263 210 158 126 LR

Yl 125 129 13:1 133 141 145 163
3. Plot the points and obtain a st. line fit from the graph.

Y = ] 2 3 4 5 6

v : 1200 900 60K 200 110 50 "
4. For the following data, fit a curve of the form, y&" = k from the data given

below: I
¥ 15 10 60 100 200 400
X 10 56 32 2 1-2 07

1.4. Evaluation of constants by the method of group averages
(To fit a straight line)

Let (x,y).i=1,2,.., nbe n sets of observations and the law relating

r and y be V=d -+ ba

ol (] 1
We assume that the law is a linear one (we do not prove il is linear),
We want to determine a and b, By assumption y = @ + bx is the law, it does

not mean the points lie on the st. line. It is only an approximating st. line
and it 1s possible that no point may lie on the line.

JLF
y=a+bx
F/

Dn lxn" PH] |
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Now A and n can be found as ¢

a and n are known.
lli-- mfﬂﬂk pattern y=ac’“ where a, b are cons o

- Taking logarithm on both sides,
logygy = logyga + bx :
ie. Y=A+bx where log,,y=Y, A=log,a
After getting A, b we get again a and b.
Hence, y=a e™ is known,

(3) Law of the pattern y=a+ bx" where n is known and-_
unknown constants.

Setting x"=u, we have y=a+ bu, which is li
Since x is given, u can be found oul
can be got as explained earlier.

near in y
The linear fi y=§

% ' IF? 4
The forms y=a+bx' y=a+b'x, y=q+° are all of this

explained above.

In general, getting an emperical equation, d

€pends upon :
(1) the determination of (h

!
e form of the equ

ation, and
(i) the evaluation of the constants In the

€quation.
Normally, the form of the equation e

agreed upon from the data

then the consiants are evaluated J
In this chapier, given the form of the equation, we will T
evaluate (he constants. 1

Ex_amplt L f‘a‘m the points on the graph and obiain a relation®
SR Y=ax+b given the followin “
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